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EULER CHARACTERISTICS AND GYSIN SEQUENCES
FOR GROUP ACTIONS ON BOUNDARIES
HEATH EMERSON AND RALF MEYER
Abstrat. Let G be a loally ompat group, let X be a universal
proper G-spae, and let X¯ be a G-equivariant ompatiation of X
that is H-equivariantly ontratible for eah ompat subgroup H ⊆ G.
Let ∂X = X¯ \X. Assuming the Baum-Connes onjeture for G with o-
eients C and C(∂X), we onstrut an exat sequene that omputes
the map on K-theory indued by the embedding C∗rG → C(∂X)⋊r G.
This exat sequene involves the equivariant Euler harateristi of X,
whih we study using an abstrat notion of Poinaré duality in bivariant
K-theory. As a onsequene, if G is torsion-free and the Euler hara-
teristi χ(G\X) is non-zero, then the unit element of C(∂X) ⋊r G is a
torsion element of order |χ(G\X)|. Furthermore, we get a new proof of
a theorem of Lük and Rosenberg onerning the lass of the de Rham
operator in equivariant K-homology.
1. Introdution
Let G be a loally ompat group, let X be a proper G-spae, and let X¯ be
a ompat G-spae ontaining X as a G-invariant open subset. Suppose that
both X and X¯ are H-equivariantly ontratible for all ompat subgroups H
of G; we briey say that they are strongly ontratible and all the ation
of G on ∂X := X¯ \X a boundary ation.
For example, the group G = PSL(2,Z) admits the following two distint
boundary ations. On the one hand, sine G is a free produt of nite yli
groups, it ats properly on a tree X ([47℄). Let ∂X be its set of ends and
let X¯ be its ends ompatiation, whih is a Cantor set. Then X and X¯ are
strongly ontratible and the ation of G on ∂X is a boundary ation. On
the other hand, PSL(2,Z) ⊆ PSL(2,R) ats by Möbius transformations on
the hyperboli plane H
2
. We ompatify H
2
, as usual, by a irle at innity.
Again, H
2
and H¯
2
are strongly ontratible and the ation on the irle ∂H2
is a boundary ation. Other examples are: a word-hyperboli group ating
on its Gromov boundary; a group of isometries of a CAT(0) spae X ating
on the visibility boundary of X; a mapping lass group of a Riemann surfae
ating on the Thurston boundary of Teihmüller spae; a disrete subgroup
of Isom(Hn) ating on its limit set. We disuss these examples in Setion 2.
The purpose of this artile is to desribe the map on K-theory indued
by the obvious inlusion u : C∗rG→ C(∂X)⋊r G, where G× ∂X → ∂X is a
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boundary ation and C(∂X)⋊rG is its redued rossed produt C
∗
-algebra.
Our result is analogous to the lassial Gysin sequene, whih we reall rst.
LetM be a smooth n-dimensional manifold. Let TM , BM and SM be its
tangent, disk and sphere bundles, respetively. Thus TM is an open subset
of BM with SM = BM \ TM . Let H∗c denote ohomology with ompat
supports. Sine the bundle projetion BM → M is a proper homotopy
equivalene, we have H∗c(BM)
∼= H∗c(M) and K
∗(BM) ∼= K∗(M). We as-
sume now thatM is oriented or K-oriented, respetively. Then we get Thom
isomorphisms H∗−nc (M)
∼= H∗c(TM) or K
∗−n(M) ∼= K∗(TM), and exision
for the pair (BM,SM) provides us with long exat sequenes of the form
· · · // H∗−nc (M)
ε∗ // H∗c(M)
π∗ // H∗c(SM)
δ // H∗−n+1c (M)
// · · · ,
· · · // K∗−n(M)
ε∗ // K∗(M)
π∗ // K∗(SM)
δ // K∗−n+1(M) // · · · .
These are the lassial Gysin sequenes.
The map ε∗ : H∗−nc (M) → H
∗
c(M) vanishes unless ∗ = n, for dimension
reasons; if M is not ompat, then H0c(M) = 0 and hene ε
∗ = 0. If M
is ompat, then εn : H0c(M) → H
n
c (M) is given by x 7→ x ∧ eM , where
eM ∈ H
n
c (M) is the Euler harateristi of M (see [6℄).
The map ε∗ : K∗−n(M) → K∗(M) is given by ε∗(x) = x ⊗ Spinor, where
Spinor denotes the spinor bundle of M (see [22, IV.1.13℄). Theorem 41
gives a more preise desription: ε∗ vanishes on K1(M) and is given by
x 7→ χ(M) dim(x) · pnt! on K0(M); here χ(M) ∈ Z is the Euler hara-
teristi of M , the funtional dim: K0(M) → Z sends a vetor bundle to its
dimension, and pnt! ∈ KK−n(C, C0(M)) ∼= K
n(M) is the wrong way element
orresponding to the inlusion of a point in M , whih is a K-oriented map.
Notie that dim = 0 unless M is ompat.
We shall onstrut an analogue of the K-theoreti Gysin sequene for
boundary ations. We have to assume that X, in addition to being strongly
ontratible and proper, is a nite-dimensional simpliial omplex equipped
with a simpliial ation of G or a smooth Riemannian manifold equipped
with an isometri ation of G. Although our arguments work for loally
ompat groups, we onentrate on the ase of torsion-free disrete groups
in the introdution, for expository purposes. If G is torsion-free, then X is
a universal free proper G-spae, so that G\X is a model for the lassifying
spae BG. We warn the reader that K∗(G\X) depends on the partiular
hoie of BG beause K-theory is only funtorial for proper maps; we disuss
this for PSL(2,Z) at the end of Setion 2 (see also Example 35).
Theorem 1. Let G be a torsion-free disrete group and let G×∂X → ∂X be
a boundary ation, where X is a nite-dimensional simpliial omplex with a
simpliial ation of G. Assume that G satises the Baum-Connes onjeture
with oeients C and C(∂X). Let u : C∗rG→ C(∂X)⋊rG be the embedding
indued by the unit map C→ C(∂X).
If G\X is ompat and χ(G\X) 6= 0, then there are exat sequenes
0 // 〈χ(G\X)[1C∗r G]〉
⊆ // K0(C
∗
rG)
u∗ // K0(C(∂X)⋊r G) // K1(G\X) // 0,
0 // K1(C
∗
rG)
u∗ // K1(C(∂X)⋊r G) // K0(G\X)
dim // Z // 0.
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Here 〈χ(G\X)[1C∗r G]〉 denotes the free yli subgroup of K0(C
∗
rG) generated
by χ(G\X)[1C∗r G] and dim maps a vetor bundle to its dimension.
If G\X is not ompat or if χ(G\X) = 0, then there are exat sequenes
0 // K0(C
∗
rG)
u∗ // K0(C(∂X)⋊r G) // K1(G\X) // 0,
0 // K1(C
∗
rG)
u∗ // K1(C(∂X)⋊r G) // K0(G\X) // 0.
Corollary 2. The lass of the unit element in K0(C(∂X)⋊rG) is a torsion
element of order |χ(G\X)| if G\X is ompat and χ(G\X) 6= 0, and not a
torsion element otherwise.
Several authors have already notied various instanes of this orollary
([1, 11, 12, 15, 38, 43, 48℄): for latties in PSL(2,R) and PSL(2,C), ating on
the boundary of hyperboli 2- or 3-spae, respetively; for losed subgroups
of PSL(2,F) for a non-Arhimedean loal eld F ating on the projetive
spae P
1(F), where X is the Bruhat-Tits tree of PSL(2,F); for free groups
ating on their Gromov boundary.
Comparing the lassial and non-ommutative Gysin sequenes, we see
that the inlusion u : C∗rG → C(∂X) ⋊r G plays the role of the embedding
C(M) → C(SM) indued by the bundle projetion SM → M . Therefore,
if we view C∗rG as the algebra of funtions on a non-ommutative spae Gˆ,
then C(∂X) ⋊r G plays the role of the algebra of funtions on the sphere
bundle of Gˆ. Suh an analogy has already been advaned by Alain Connes
and Mar Rieel in [13, 42℄ for rather dierent reasons (and for a dierent
lass of boundary ations).
For groups with torsion and, more generally, for loally ompat groups,
the Euler harateristi of G\X is replaed by an equivariant Euler hara-
teristi in KKG0 (C0(X),C). To dene it, we use a general notion of Poinaré
duality in bivariant Kasparov theory. An abstrat dual for a spae X onsists
of a G-C∗-algebra P and a lass Θ ∈ RKKGn (X;C,P) for some n ∈ Z suh
that the map
RKKG∗−n(Y ;A ⊗ˆP, B)→ RKK
G
∗ (X × Y ;A,B), f 7→ Θ ⊗ˆP f,
is an isomorphism for all pairs of G-C∗-algebras A, B and all G-spaes Y
(ompare [24, Theorem 4.9℄).
Let X be any G-spae that has suh an abstrat dual. The diagonal
embedding X → X ×X yields lasses
∆X ∈ RKK
G
0 (X;C0(X),C), PD
−1(∆X) ∈ KK
G
−n(C0(X) ⊗ˆP,C).
Let Θ¯ ∈ KKGn (C0(X), C0(X) ⊗ˆ P) be obtained from Θ by forgetting the
X-linearity. We dene the abstrat equivariant Euler harateristi by
EulX := Θ¯ ⊗ˆC0(X)⊗ˆP PD
−1(∆X) ∈ KK
G
0 (C0(X),C).
Examples show that this lass deserves to be alled an Euler harateristi.
We were led to this denition by the onsideration of the Gysin sequene.
In order to ompute EulX , we need an expliit formula for PD
−1
. There-
fore, it is useful to onsider a riher struture than an abstrat dual, whih
we all a Kasparov dual. Gennadi Kasparov onstruts the required stru-
ture for a smooth Riemannian manifold in [24, Setion 4℄, using for P the
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algebra of C0-setions of the Cliord algebra bundle on X. A fairly simple
omputation shows that the assoiated equivariant Euler harateristi is the
lass in KKG0 (C0(X),C) of the de Rham operator on X, whih we denote by
EuldRX and all the equivariant de-Rham-Euler harateristi of X.
If X is a simpliial omplex and G ats simpliially, then a Kasparov dual
for X is onstruted in [25℄. Sine the desription of Θ in [25℄ is too indiret
for our purposes, we give a slightly dierent onstrution where we an write
down Θ very onretely. We desribe the equivariant Euler harateristi
that we get from this ombinatorial dual; the result may be omputed in
terms of ounting G-orbits on the set of simplies and is alled the equivariant
ombinatorial Euler harateristi EulcmbX ∈ KK
G
0 (C0(X),C).
We show that the (abstrat) Euler harateristi of X does not depend on
the hoie of the abstrat dual. Therefore, if X admits a smooth struture
and a triangulation at the same time, then EuldRX = EulX = Eul
cmb
X . This
result is due to Wolfgang Lük and Jonathan Rosenberg ([31,44℄). In the non-
equivariant ase, the assertion is that for a onneted smooth manifold M ,
we have EuldRM = χ(M) · dim, where dim ∈ K0(M) is the lass of the point
evaluation homomorphism.
Now we outline the proof of Theorem 1 and its analogues for general loally
ompat groups. The starting point is the extension of G-C∗-algebras
0→ C0(X)→ C(X¯)→ C(∂X)→ 0,
whih yields a six term exat sequene for the funtor Ktop∗ (G,  ). The strong
ontratibility of X¯ implies that Ktop∗ (G,C(X¯)) ∼= K
top
∗ (G). The resulting
map Ktop∗ (G) ∼= K
top
∗ (G,C(X¯)) → K
top
∗ (G,C(∂X)) in the exat sequene
is indued by the unital inlusion C → C(∂X). A purely formal argument
shows that the map Ktop∗ (G,C0(X))→ K
top
∗ (G,C(X¯)) ∼= K
top
∗ (G) in the ex-
at sequene is given by the Kasparov produt with the equivariant abstrat
Euler harateristi EulX ∈ KK
G
0 (C0(X),C). The heart of the omputation
is the expliit desription of EulX as Eul
dR
X or Eul
cmb
X .
Our interest in the problem of alulating the K-theory of boundary
rossed produts was sparked by disussions with Guyan Robertson at a
meeting in Oberwolfah in 2004. We would like to thank him for drawing
our attention to this question. We also thank Wolfgang Lük for helpful
suggestions regarding Euler harateristis.
1.1. General setup. Throughout this artile, topologial spaes and groups
are assumed loally ompat, Hausdor, and seond ountable. Let G be
suh a group. A G-spae is a loally ompat spae equipped with a ontin-
uous ation of G. A G-C∗-algebra is a separable C∗-algebra equipped with
a strongly ontinuous ation of G by automorphisms. We denote redued
rossed produts by A⋊rG. We always equip C with the trivial ation of G.
Thus C⋊r G is the redued group C
∗
-algebra C∗rG of G.
A G-spae is proper if the set of g ∈ G with gK ∩ K 6= ∅ is ompat
for any ompat subset K ⊆ X. A universal proper G-spae is a proper
G-spae EG with the property that for any proper G-spae X there is a
ontinuous G-equivariant map X → EG whih is unique up to G-equivariant
homotopy. Suh a G-spae exists for any G by [26℄, and any two of them are
G-equivariantly homotopy equivalent.
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Denition 3. We all a G-spae strongly ontratible if it is H-equivariantly
ontratible for any ompat subgroup H ⊆ G.
A proper G-spae is strongly ontratible if and only if it is universal. It
is easy to see that universality implies strong ontratibility: look at maps
G/H × EG → EG. The onverse impliation is proved in full generality in
[36℄. The ase of a G-CW-omplex is easier: in that ase, it already sues
to assume ontratibility of xed-point subsets ([30℄).
Denition 4. Let X be a proper G-spae and let X¯ be a ompat G-spae
that ontains X as an open G-invariant subspae. Then ∂X := X¯ \ X is
another ompat G-spae. We all the indued ation of G on ∂X a boundary
ation if both X and X¯ are strongly ontratible. The G-spaes X and X¯
are part of the data of a boundary ation.
In all our examples, X¯ is a ompatiation of X, that is, X is dense in X¯ .
A boundary ation yields an extension of G-C∗-algebras
(1) 0→ C0(X)
ι
→ C(X¯)
π
→ C(∂X)→ 0.
Let υ¯ : C → C(X¯) and ∂υ : C → C(∂X) be the unit maps. The map ∂υ
indues the obvious embedding C∗rG → C(∂X) ⋊r G, whih we also denote
by u. We are going to study the indued map
(2) u∗ = ∂υ∗ : K∗(C
∗
rG)→ K∗(C(∂X)⋊r G).
2. Examples of boundary ations
Many examples of boundary ations are speial ases of two general on-
strutions: the visibility ompatiation of a CAT(0) spae and the Gromov
ompatiation of a hyperboli spae (see [7℄ for both).
Let X be a seond ountable, loally ompat CAT(0) spae and let G
at properly and isometrially on X. We onsider geodesi rays R+ → X
parametrised by ar length. Two suh rays are equivalent if they are at
bounded distane from eah other. The visibility boundary of X is the set
∂X∞ of equivalene lasses of geodesi rays in X and the visibility ompat-
iation X¯∞ is X ∪ ∂X∞. This is a ompatiation of X for a anonial
ompat metrisable topology on X¯∞; it has the property that r(t) onverges
towards [r] for t→∞ for any geodesi ray r : R+ → X. The obvious ation
of G on X¯∞ is ontinuous.
Let H ⊆ G be a ompat subgroup. Then H has a xed-point ξH in X.
For any x ∈ X there is a unique geodesi segment onneting x and ξH .
We may ontrat the spae X along these geodesis, so that X is strongly
ontratible. Similarly, X¯∞ is strongly ontratible beause any point in
∂X∞ is represented by a unique geodesi ray emanating from ξH .
For instane, if X is a simply onneted Riemannian manifold of non-
positive setional urvature, then X is CAT(0). If dimX = n, then there is
a homeomorphism from X¯∞ onto a losed n-ell that identies X with the
open n-disk and ∂X∞ with S
n−1
.
Let G be an almost onneted Lie group whose onneted omponent is
linear and redutive, and let K ⊆ G be a maximal ompat subgroup. Then
the homogeneous spae G/K with any G-invariant Riemannian metri is a
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CAT(0) spae and has non-positive setional urvature ([7℄). If G is semi-
simple and has rank 1, then the visibility boundary is equivalent to the
Fürstenberg boundary G/P of G, where P is a minimal paraboli subgroup.
If G has higher rank, then the Fürstenberg boundary of G is not a boundary
ation in our sense. However, there are points in ∂X∞ that are xed by P .
Hene the unit map C→ C(G/P ) fators through ∂υ : C→ C(∂X∞).
Eulidean buildings and trees are CAT(0) spaes as well. For instane,
let G be a redutive p-adi group. Then its ane Bruhat-Tits building is
a CAT(0) spae, on whih G ats properly and isometrially ([50℄). The
visibility ompatiation of the Bruhat-Tits building is equivalent to the
Borel-Serre ompatiation in this ase (see [5℄ and [46, Lemma IV.2.1℄).
The relationship between the visibility boundary of the building and the
Fürstenberg boundary of G is exatly as in the Lie group ase.
Let X be a CAT(0) spae on whih G ats properly and isometrially and
let X¯∞ be its visibility ompatiation. The limit set ΛX∞ ⊆ ∂X∞ is the
set of all aumulation points in the boundary of G · x for some x ∈ X. Its
denition is most familiar for lassial hyperboli spae H
n
(see [40, Setion
12℄). The limit set is independent of the hoie of x and therefore G-invariant.
Its omplement X ′ := X¯∞ \ ΛX∞ is alled the ordinary set of G. It is
strongly ontratible for the same reason as X¯∞. If the ation of G on X
′
is
proper, then ΛX∞ is a boundary ation. This is always the ase for lassial
hyperboli spae ([40℄).
Let X be a (quasi-geodesi) hyperboli metri spae. Two quasi-geodesi
rays in X are onsidered equivalent if they have bounded distane. The
Gromov boundary ∂X of X is dened as the set of equivalene lasses of
quasi-geodesi rays in X. There is a anonial ompat metrisable topology
on X¯ := X ∪ ∂X so that this beomes a ompatiation of X. The on-
strution is natural with respet to quasi-isometri equivalene. That is, if
X and Y are hyperboli metri spaes and f : X → Y is a quasi-isometri
equivalene, then f extends in a unique way to a map f¯ : X¯ → Y¯ , whose
restrition to the boundary ∂f : ∂X → ∂Y is a homeomorphism.
If G is a word-hyperboli group, then one may apply this onstrution to
the metri spae underlying G (with a word metri). Sine the ation of G by
left translation on itself is isometri, this ation extends to an ation of G by
homeomorphisms of its boundary. Now let X = Pd(G) be the Rips omplex
of G with parameter d. This spae is strongly ontratible for suiently
large d ([32℄). We may equip X with a G-invariant metri for whih any orbit
map G → X is a quasi-isometri equivalene. Sine hyperboliity and the
Gromov boundary are invariant under quasi-isometri equivalene, X is itself
hyperboli and there is a anonial G-equivariant homeomorphism ∂G ∼= ∂X.
It is shown in [45℄ that X¯ is strongly ontratible. Hene G × ∂G → ∂G is
a boundary ation.
Now we ome to a ompletely dierent example of a boundary ation.
Let Σg be a losed Riemann surfae of genus g ≥ 2 and let G be a torsion-
free subgroup of the mapping lass group,
Mod(Σg) := Diff(Σg)/Diff0(Σg).
Let T be the Teihmüller spae for Σg, and let ∂T and T¯ := T ∪ ∂T
be its Thurston boundary and Thurston ompatiation, respetively ([16℄).
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Reall that ∂T is the spae of projetive geodesi laminations assoiated
to a xed hyperboli metri on Σg. It is well-known that T and T¯ are
ontratible. This means that G× ∂T → ∂T is a boundary ation beause
we require G to be torsion-free.
It seems plausible that T and T¯ are strongly ontratible with respet
to Mod(Σg) itself, so that ∂T would be a boundary ation of Mod(Σg).
That T is strongly ontratible (hene a universal proper spae) follows from
the proof of the Nielsen realisation problem by Steven Kerkho in [27℄. The
main result is that every nite subgroup H of Mod(Σg) xes a point of T .
Moreover, any two points of T are onneted by a unique earthquake path
(see [27, 49℄). If x ∈ T is xed by H, then the ontration of Teihmüller
spae along earthquake paths emanating from x provides an H-equivariant
ontrating homotopy for T . It seems likely that this ontrating homotopy
extends to one for the ompatiation T¯ , but a proof does not seem to
exist in the literature so far.
A group may admit more than one boundary ation. For example, the
group G = PSL(2,Z) has two natural models for EG, namely, the hyperboli
plane H
2
, on whih it ats by Möbius transformations, and the tree X whih
orresponds to the free-produt deomposition G ∼= Z/2∗Z/3 (see [47, I.4℄).
Whereas G\X is ompat, G\H2 is not. Both models for EG admit bound-
ary ations, whih are ompletely dierent: we may ompatify H
2
by the
irle at innity P
1(R), and X by its set of ends, whih is a Cantor set.
These two ompatiations agree with the visibility ompatiation or the
Gromov ompatiation of H
2
and with the Gromov ompatiation of X,
respetively. One an also verify diretly that they are boundary ations.
These two boundary ations of PSL(2,Z) are related by a well-known
G-equivariant embedding of the tree X in H2 (see [47, I.4℄). This embedding
extends to a ontinuous map between the ompatiations and hene yields
a map ∂X → ∂H2, whih is known to be two-to-one. In general, it is not
lear why dierent boundary ations should be related in a similar fashion.
3. Applying the Baum-Connes onjeture
We reall the denition of the Baum-Connes assembly map (see [4℄). Let
EG be a seond ountable, loally ompat model for the universal proper
G-spae. Write EG =
⋃
n∈N EGn for some inreasing sequene of G-ompat
subsets EGn ⊆ EG. The maps EGn → EGn+1 are proper, so that we get an
assoiated projetive system of G-C∗-algebras
(
C0(EGn)
)
n∈N
. Let
Ktop∗ (G,A) := lim−→KK
G
∗ (C0(EGn), A).
The Baum-Connes assembly map is the omposite map
µG,A : K
top
∗ (G,A)→ lim−→
KK∗(C0(EGn)⋊r G,A⋊r G)→ K∗(A⋊r G),
where the rst map is desent and the seond map is the Kasparov produt
with a ertain natural lass in lim
←−
K0(C0(EGn)⋊r G).
Let X, X¯ and ∂X be as in Denition 4. The Baum-Connes onjeture
always holds for proper oeient algebras and, espeially, for C0(X). We
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assume from now on that G satises the Baum-Connes onjeture with oef-
ients C and C(∂X). That is, the vertial maps in the diagram
Ktop∗ (G,C)
∂υ∗ //
µG,C

Ktop∗ (G,C(∂X))
µG,C(∂X)

K∗(C
∗
rG)
∂υ∗ // K∗(C(∂X) ⋊r G)
are isomorphisms. Thus the map (2) that we are interested in is equivalent
to the map
(3) ∂υ∗ : K
top
∗ (G,C)→ K
top
∗ (G,C(∂X)).
Our assumption on the Baum-Connes onjeture is known to be valid in
many examples. Closed subgroups of Isom(Hn) satisfy it beause they even
satisfy the Baum-Connes onjeture with arbitrary oeients ([23℄). The
same holds for losed subgroups of other semi-simple Lie groups of rank 1
by [20, 21℄. Word-hyperboli groups satisfy the assumption as well: the
Baum-Connes onjeture with trivial oeients is proved in [37℄, and the
Baum-Connes onjeture for the oeients C(∂G) follows from [51℄ beause
the ation of G on ∂G is amenable.
We will exlusively deal with the map in (3) in the following. We only
need the Baum-Connes onjeture to relate it to (2).
It is shown in [26℄ that Ktop∗ satises exision for arbitrary extensions of
G-C∗-algebras. Hene (1) gives rise to a six term exat sequene
(4)
Ktop0 (G,C0(X))
ι∗ // Ktop0 (G,C(X¯))
π∗ // Ktop0 (G,C(∂X))
δ

Ktop1 (G,C(∂X))
δ
OO
Ktop1 (G,C(X¯))
π∗oo Ktop1 (G,C0(X)).
ι∗oo
We are going to modify it in several steps.
Lemma 5. The map υ¯∗ : K
top
∗ (G,C) → K
top
∗ (G,C(X¯)) is an isomorphism
if X¯ is strongly ontratible.
Proof. Sine X¯ is strongly ontratible, [υ¯] is invertible in KKH0 (C, C(X¯))
for all ompat subgroups H ⊆ G. That is, υ¯ is a weak equivalene in the
notation of [35℄. It is shown in [10, 35℄ that suh maps indue isomorphisms
on Ktop∗ (G,  ). 
Plugging the isomorphism of Lemma 5 into (4), we get an exat sequene
(5)
Ktop0 (G,C0(X))
υ¯−1∗ ι∗ // Ktop0 (G,C)
∂υ∗ // Ktop0 (G,C(∂X))
δ

Ktop1 (G,C(∂X))
δ
OO
Ktop1 (G,C)
∂υ∗oo Ktop1 (G,C0(X)).
υ¯−1∗ ι∗oo
It ontains the map (3) that we are interested in.
Example 6. Suppose that the ation of G on ∂X admits a xed-point ξ. Then
evaluation at ξ provides a setion for υ¯. Sine this evaluation homomorphism
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annihilates C0(X) ⊆ C(X¯), we get υ¯
−1
∗ ι∗ = 0. Therefore, the long exat
sequene (5) splits into two short exat sequenes.
Proposition 7. Let G be a loally ompat group with non-ompat entre.
Suppose that X is G-ompat and that X¯ is admissible in the sense of [17℄,
that is, ompatible with the oarse geometri struture of X. Then ∂X on-
tains a xed-point for G. Hene υ¯−1∗ ι∗ = 0 in (5).
Proof. Let x ∈ X and let (gi)i∈N be a sequene in the entre of G that leaves
any ompat subset of G. Sine X¯ is ompat, we may assume that the
sequene gix onverges towards some ξ ∈ X¯. Sine the sequenes (gix) and
(g · gix) = (gigx) are uniformly lose for any g ∈ G, the ompatibility of the
oarse struture with the ompatiation implies that they have the same
limit point in X¯ . Thus gξ = ξ for all g ∈ G. 
Of ourse, the map υ¯−1∗ ι∗ in (5) is non-zero is general. The following
notation is needed in order to desribe it.
Let Y be a loally ompat G-spae. We dene a graded Abelian group
RKKG∗ (Y ;A,B) for a pair of G-C
∗
-algebras A,B as in [24℄; its yles are
yles (E , F ) for KKG∗ (C0(Y ) ⊗ˆ A,C0(Y ) ⊗ˆ B) that satisfy the additional
ondition that the left and right C0(Y )-ations on E agree. We may think
of these yles as G-equivariant ontinuous families of KKG∗ (A,B)-yles
parametrised by Y . This makes it lear that there is a natural map
(6) RKKG∗ (Y ;A,B)→ KK
G
∗ (C0(Y ) ⊗ˆA,C0(Y ) ⊗ˆB)
whih forgets the Y -struture and a natural map
(7) p∗Y : KK
G
∗ (A,B)→ RKK
G
∗ (Y ;A,B)
whih sends a Kasparov yle (E , F ) to the onstant family of Kasparov
yles (C0(Y ) ⊗ˆ E , 1 ⊗ˆ F ).
Denition 8. We let ∆Y ∈ RKK
G
0 (Y ;C0(Y ),C) be the lass of the Y ⋊G-
equivariant ∗-homomorphism C0(Y × Y ) → C0(Y ) that is indued by the
diagonal embedding Y → Y × Y .
Reall that the spae X is a universal proper G-spae. It is shown in
[35, Setion 7℄ that the map in (7) for Y = X is an isomorphism whenever A
is a proper G-C∗-algebra. Hene ∆X ∈ RKK
G
0 (X;C0(X),C) has a pre-image
in KKG0 (C0(X),C). Antiipating a little, we denote this pre-image by EulX .
This agrees with our oial denition of the abstrat Euler harateristi in
Denition 12 by Lemma 16 and Proposition 14.
Proposition 9. Let G be a loally ompat group and let ∂X = X¯ \ X be
a boundary ation of G; that is, X is a strongly ontratible proper G-spae
and X¯ is a strongly ontratible ompat G-spae ontaining X as an open
G-invariant subspae. Then there is an exat sequene
Ktop0 (G,C0(X))
EulX // Ktop0 (G,C)
∂υ∗ // Ktop0 (G,C(∂X))
δ

Ktop1 (G,C(∂X))
δ
OO
Ktop1 (G,C)
∂υ∗oo Ktop1 (G,C0(X)),
EulXoo
where EulX denotes the Kasparov produt with EulX ∈ KK
G
0 (C0(X),C).
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Proof. It only remains to identify the maps υ¯−1∗ ι∗ in (5) with EulX . Reall
that the map p∗X in (7) is an isomorphism if A is proper. Therefore, p
∗
X
indues an isomorphism
Ktop∗ (G,A)
∼=
→ lim
−→
RKKG∗ (X;C0(EGn), A).
Thus the Kasparov produt in RKKG∗ (X) gives rise to natural bilinear maps
(8) Ktop∗ (G,A) ⊗RKK
G
0 (X;A,B)→ K
top
∗ (G,B), x⊗ y 7→ x • y.
It is shown in [35, Setion 7℄ that p∗X(f) for f ∈ KK
G
∗ (A,B) is invertible
if and only if f is a weak equivalene. Therefore, p∗X [υ¯] is invertible in
RKKG0 (X;C, C(X¯)). The homomorphism C0(X) → C0(X × X¯) indued
by the oordinate projetion X × X¯ → X is a representative for p∗X [υ¯].
Sine the diagonal embedding X → X × X ⊆ X × X¯ is a setion for the
oordinate projetion, the element in RKKG0 (X;C(X¯),C) assoiated to the
diagonal embedding is inverse to p∗X [υ¯]. Hene p
∗
X [ι] ⊗ˆX,C(X¯) p
∗
X [υ¯]
−1 = ∆X .
It follows easily from the denition of the produt in (8) that
ι∗(x) = x ⊗ˆC0(X) [ι] = x • p
∗
X [ι], υ¯∗(y) = y ⊗ˆ [υ¯] = y • p
∗
X [υ¯],
for all x ∈ Ktop∗ (G,C0(X)), y ∈ K
top
∗ (G,C). This implies
υ¯−1∗ ι∗(x) = x • (p
∗
X [ι] ⊗ˆX,C(X¯) p
∗
X [υ¯]
−1) = x •∆X = x ⊗ˆC0(X) p
−1
X (∆X)
beause pX is invertible and the map in (8) is natural. 
4. Abstrat Euler harateristis via Kasparov duality
The element EulX ∈ KK
G
0 (C0(X),C) that appears in the Gysin sequene
in Proposition 9 is so far only dened if X is a universal proper G-spae;
furthermore, it is not lear how it should be omputed. In this setion, we
extend its denition to a more general lass of G-spaes, using a formula-
tion of Poinaré duality due to Gennadi Kasparov ([24, Setion 4℄). In the
following setions, we will ompute EulX using this alternative denition.
Denition 10. Let X be any loally ompat G-spae (we require neither
properness nor strong ontratibility). Let n ∈ Z. Let P be a (possibly
Z/2-graded) G-C∗-algebra, and let Θ ∈ RKKGn (X;C,P).
We all (P,Θ) an (n-dimensional) abstrat dual for X if the map
(9) PD: RKKG∗−n(Y ;A1⊗ˆP, A2)→ RKK
G
∗ (X×Y ;A1, A2), f 7→ Θ⊗ˆPf,
is an isomorphism for all G-spaes Y and all G-C∗-algebras A1, A2.
Here we use the Kasparov produt
⊗ˆP : RKK
G
i (X;A,B ⊗ˆP)× RKK
G
j (Y ;A
′ ⊗ˆP, B′)
→ RKKGi+j(X × Y ;A ⊗ˆA
′, B ⊗ˆB′)
(see [24℄). Observe that (9) is the most general form for a natural transfor-
mation RKKG∗−n(Y ;A ⊗ˆ P, B) → RKK
G
∗ (X × Y ;A,B) that is ompatible
with Kasparov produts in the sense that
(10) PD(f1 ⊗ˆB f2) = PD(f1) ⊗ˆB f2 in RKK
G
i+j(Y ;A1 ⊗ˆA3, A2 ⊗ˆA4)
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for all f1 ∈ RKK
G
i−n(Y ;A1 ⊗ˆP, A2 ⊗ˆB), f2 ∈ RKK
G
j (Y ;A3 ⊗ˆB,A4). Sine
exterior produts are graded ommutative, we also get
(11)
PD(f1 ⊗ˆB f2) = (−1)
inf1 ⊗ˆB PD(f2) in RKK
G
i+j(Y ;A1 ⊗ˆA3, A2 ⊗ˆA4)
for all f1 ∈ RKK
G
i (Y ;A1, A2 ⊗ˆB), f2 ∈ RKK
G
j−n(Y ;A3 ⊗ˆB ⊗ˆP, A4); both
sides are equal to (Θ ⊗ˆ f1) ⊗ˆP⊗ˆB f2.
The spae Y does not play any serious role. We have put it into our
denitions beause Kasparov works in this generality in [24, Theorem 4.9℄.
The dimension n is not partiularly important either beause we an always
redue to the ase n = 0 by a suspension.
We are mainly interested in the ase of omplex C∗-algebras and therefore
only formulate Gysin sequenes in this ase. However, the purely formal
arguments in this setion are independent of Bott periodiity and therefore
also work in the real and real ases. This is why we are areful to distinguish
KKn and KK−n in our notation. Of ourse, in the real ase one has to
replae C by R everywhere and use real-valued funtion spaes.
Later, we shall introdue further struture in order to write down the in-
verse map PD−1 more onretely, whih is important for appliations. How-
ever, this additional struture involves some hoies. Sine the abstrat
Euler harateristi is supposed to be independent of the dual, we disuss
the formal aspets of the duality in the situation of Denition 10.
Remark 11. There exist spaes that do not possess an abstrat dual, even
for trivial G. If X is ompat then RKK∗(X;A,B) ∼= KK∗(A,C(X)⊗ˆB) for
all A,B. Hene an abstrat dual for X is nothing but a KK-dual for C(X).
Sine C(X) belongs to the bootstrap ategory, it has a KK-dual if and only
if K∗(C(X)) is nitely generated (reall that all spaes are assumed seond
ountable). This fails, for example, if X is a Cantor set.
Denition 12. Let X be a G-spae with an abstrat dual (P,Θ). Let
Θ¯ ∈ KKGn (C0(X), C0(X)⊗ˆP) be the image ofΘ under the forgetful map (6);
let ∆X ∈ RKK
G
0 (X;C0(X),C) be indued by the diagonal embedding as in
Denition 8; thus PD−1(∆X) ∈ KK
G
−n(C0(X) ⊗ˆP,C). We all
EulX := Θ¯ ⊗ˆC0(X)⊗ˆP PD
−1(∆X) ∈ KK
G
0 (C0(X),C)
the G-equivariant abstrat Euler harateristi of X.
This name will be justied by the examples in the following setions.
Our rst task is to analyse the uniqueness of abstrat duals and to show
that EulX does not depend on their hoie. We onsider the slightly more
ompliated issue of funtoriality right away.
Let X and X ′ be two G-spaes with abstrat duals (P,Θ) and (P ′,Θ′)
of dimension n and n′, respetively, and let PD and PD′ be the assoiated
duality isomorphisms. Let f : X → X ′ be a ontinuous G-map; we do not
require f to be proper. Then f indues natural maps
(12) f∗ : RKKG∗ (X
′ × Y ;A,B)→ RKKG∗ (X × Y ;A,B)
for all Y,A,B. Hene we get f∗Θ′ ∈ RKKGn′(X;C,P
′) and
αf := PD
−1(f∗Θ′) ∈ KKGn′−n(P,P
′).
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Equivalently, Θ ⊗ˆP αf = f
∗Θ′; this property haraterises αf uniquely and
implies
(13) PD(αf ⊗ˆP′ h) = f
∗Θ′ ⊗ˆP′ h = f
∗
(
PD′(h)
)
in RKKG∗ (X;A,B)
for all h ∈ KKG∗−n′(A ⊗ˆ P
′, B). The map f 7→ αf is a ovariant funtor
in the following sense. If f = idX and (P,Θ) = (P
′,Θ′), then αid = 1P .
Given omposable maps f : X → X ′, f ′ : X ′ → X ′′ and abstrat duals for
the G-spaes X,X ′,X ′′, we get αf ′◦f = αf ⊗ˆP′ αf ′ .
If two maps f1, f2 : X → X
′
are G-equivariantly homotopi, then they
indue the same maps f∗1 = f
∗
2 in (12). Hene αf1 = αf2 . Moreover, if f is a
G-homotopy equivalene then (12) is bijetive for all Y,A,B. By funtorial-
ity of αf , we onlude that αf is invertible if f is a G-homotopy equivalene.
In the speial ase f = id, we get a anonial KKG-equivalene between two
duals (P,Θ), (P ′,Θ′) for the same spae X.
Proposition 13. Let f : X → X ′ be a G-homotopy equivalene and proper;
we do not assume its homotopy inverse to be proper. We denote the lass
of the indued map f∗ : C0(X
′) → C0(X) in KK
G
0 (C0(X
′), C0(X)) by [f
∗].
Then
[f∗] ⊗ˆC0(X) EulX = EulX′ .
The abstrat Euler harateristi is independent of the hoie of the abstrat
dual.
Proof. Let ∆X′ : C0(X
′ × X ′) → C0(X
′) be the diagonal restrition homo-
morphism. Then f∗(∆X′) ∈ RKK
G
0 (X;C0(X
′),C) is the lass of the G-equi-
variant ∗-homomorphism indued by the map (id, f) : X → X × X ′. Thus
f∗(∆X′) = [f
∗] ⊗ˆC0(X) ∆X . Sine the map in (12) is bijetive and natural
with respet to the Kasparov produt, this is equivalent to
∆X′ = (f
∗)−1([f∗] ⊗ˆC0(X) ∆X) = [f
∗] ⊗ˆC0(X) (f
∗)−1(∆X).
Dene αf ∈ KK
G
n′−n(P,P
′) as above. Equation (13) is equivalent to
α−1f ⊗ˆP PD
−1(h) = (PD′)−1(f∗)−1(h) for all h ∈ RKKG∗ (X;A,B).
We shall use the forgetful funtors dened in (6) for the spaes X and X ′
and denote them by h 7→ h. They satisfy the ompatibility relation
[f∗] ⊗ˆC0(X) f
∗h = h ⊗ˆC0(X′) [f
∗]
in KKG∗ (C0(X
′)⊗ˆA,C0(X)⊗ˆB) for all h ∈ RKK
G
∗ (X
′;A,B); these Kasparov
produts are omparatively easy to ompute beause [f∗] is represented by
a ∗-homomorphism. Now we ompute
[f∗] ⊗ˆC0(X) EulX = [f
∗] ⊗ˆC0(X) Θ ⊗ˆC0(X)⊗ˆP PD
−1(∆X)
= [f∗] ⊗ˆC0(X) f
∗Θ′ ⊗ˆP′ α
−1
f ⊗ˆC0(X)⊗ˆP PD
−1(∆X)
= Θ′ ⊗ˆC0(X′) [f
∗] ⊗ˆC0(X)⊗ˆP′ (PD
′)−1 ◦ (f∗)−1(∆X)
= Θ′ ⊗ˆC0(X′)⊗ˆP′ (PD
′)−1
(
[f∗] ⊗ˆC0(X) (f
∗)−1(∆X)
)
= Θ′ ⊗ˆC0(X′)⊗ˆP′ (PD
′)−1(∆X′) = EulX′ .
We use (11) in the step from the third to the fourth line.
Espeially, if f = id then the omputation above shows that EulX does
not depend on the hoie of the abstrat dual. 
EULER CHARACTERISTICS AND BOUNDARY ACTIONS 13
Proposition 14. If X is a universal proper G-spae, then X has an abstrat
dual.
Proof. Let D ∈ KKG0 (P,C) be a Dira morphism in the notation of [35℄.
Sine D is a weak equivalene, p∗X(D) is invertible; let Θ ∈ RKK
G
0 (X;C,P)
be its inverse. In [35, Theorem 7.1℄, we may take π ∈ KKG0 (A˜, A) to be
1A⊗D ∈ KK
G
0 (A⊗P, A). Then [35, Theorem 7.1℄ implies that the map PD
that we get from Θ is an isomorphism. 
Assume now that X and X ′ are G-ompat universal proper G-spaes.
Then they are G-homotopy equivalent in a anonial way, so that their
abstrat duals are anonially KKG-equivalent. Any ontinuous G-map be-
tween X and X ′ is proper beause both spaes are G-ompat. Hene C0(X)
and C0(X
′) are KKG-equivalent. Moreover, we have a natural isomorphism
Ktop∗ (G) := K
top
∗ (G,C) ∼= KK
G
∗ (C0(X),C). It follows from Proposition 13
that the abstrat Euler harateristis of X and X ′ agree as elements of
Ktop0 (G). Hene we may give the following denition:
Denition 15. Let G be a loally ompat group that has a G-ompat
universal proper G-spae X. Identify KKG∗ (C0(X),C)
∼= K
top
∗ (G) and view
the abstrat Euler harateristi EulX as an element of K
top
0 (G). We denote
the result by EulEG and all it the abstrat Euler harateristi of G.
If X ′ is any universal proper G-spae and X is a G-ompat universal
proper G-spae, then any G-map f : X → X ′ is proper and a G-homotopy
equivalene. Hene Proposition 13 yields EulX′ = f
∗(EulEG).
Let X again be an arbitrary G-spae with an abstrat dual (P,Θ). Then
we dene D ∈ KKG−n(P,C) by
(14) PD(D) := Θ ⊗ˆP D = 1C in RKK
G
0 (X;C,C).
Lemma 16. Let X be a G-spae with an abstrat dual (P,Θ). Then Θ is
invertible if and only if p∗X(D) ∈ RKK
G
−n(X;P,C) is invertible, if and only
if the map
(15) p∗X : RKK
G
∗ (Y ;P ⊗ˆA,B)→ RKK
G
∗ (X × Y ;P ⊗ˆA,B)
is invertible for all Y,A,B. In this ase, the map
(16) p∗X : RKK
G
∗ (Y ;C0(X) ⊗ˆA,B)→ RKK
G
∗ (X × Y ;C0(X) ⊗ˆA,B)
is invertible as well, and EulX = (p
∗
X)
−1(∆X) in KK
G
0 (C0(X),C).
Proof. Sine Θ ⊗ˆP D = 1C, Θ is a left inverse for p
∗
X(D) with respet
to the Kasparov omposition produt in RKKG∗ (X). Hene one is invert-
ible if and only if the other is, and they are inverse to eah other in that
ase. By hypothesis, PD(f) := Θ ⊗ˆP p
∗
X(f) denes an invertible map on
RKKG∗ (Y ;A⊗ˆP, B) for all Y,A,B. IfΘ is invertible, then so is the Kasparov
produt with Θ that appears in PD; hene the map in (15) is invertible. Con-
versely, if the map in (15) is invertible, then the Kasparov produt with Θ
is invertible as a map RKKG∗−n(X;P, B)→ RKK
G
∗ (X;C, B) for all B. This
implies invertibility of Θ.
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If Θ is invertible, so is Θ¯ ∈ KKGn (C0(X), C0(X)⊗ˆP). Therefore, the map
in (16) is equivalent to one of the form (15); thus it is invertible as well. Its
inverse is omputed as follows. We have
p∗X(f) = (Θ ⊗ˆP D) ⊗ˆ f = PD(D ⊗ˆ f) = PD(Θ¯
−1 ⊗ˆC0(X) f).
for all f ∈ KKG∗ (C0(X) ⊗ˆ A,B) beause 1C0(X) ⊗ˆ D and Θ¯ are inverse to
eah other and Θ ⊗ˆP D = 1C. Hene
(17) (p∗X)
−1(f ′) = Θ¯ ⊗ˆC0(X)⊗ˆP PD
−1(f ′)
for all f ′ ∈ RKKG∗ (X;C0(X) ⊗ˆA,B). In partiular, (p
∗
X)
−1(∆X) = EulX as
desired. 
Proposition 14 and Lemma 16 show that the denition of EulX in Setion 3
is a speial ase of Denition 12.
The following disussion has the purpose of motivating the denition of
a Kasparov dual by explaining how it is related to an abstrat dual. Dene
∇ ∈ KKGn (P,P ⊗ˆP) by
(18) PD(∇) = Θ ⊗ˆP ∇ = Θ ⊗ˆX Θ ∈ RKK
G
2n(X;C,P ⊗ˆP).
Let ΦP for a G-C
∗
-algebra P be the ip automorphism
ΦP : P ⊗ˆ P → P ⊗ˆ P, x1 ⊗ˆ x2 7→ (−1)
|x1|·|x2|x2 ⊗ˆ x1,
where |x| ∈ Z/2 denotes the degree of x. The sign only ours if P is
Z/2-graded. Reall also the lass D ∈ KKGn (P,C) dened in (14).
Lemma 17. The maps D and ∇ satisfy the onditions for a graded oom-
mutative, ounital oalgebra objet in KKG∗ ; that is,
∇ ⊗ˆ
P⊗ˆP ΦP = (−1)
n∇
∇ ⊗ˆ
P⊗ˆP (∇ ⊗ˆ 1P) = ∇ ⊗ˆP⊗ˆP (1P ⊗ˆ ∇)
(−1)n∇ ⊗ˆ
P⊗ˆP (D ⊗ˆ 1P) = 1P = ∇ ⊗ˆP⊗ˆP (1P ⊗ˆD).
These equalities hold in the groups KKGn (P,P ⊗ˆP), KK
G
2n(P,P
⊗ˆ3), and
KKG0 (P,P), respetively.
Proof. It is well-known that the exterior produt in RKKG∗ (X) is graded
ommutative. Espeially, (Θ ⊗ˆX Θ) ⊗ˆP⊗ˆP ΦP = (−1)
nΘ ⊗ˆX Θ. This is
equivalent to the oommutativity of ∇ beause PD is ompatible with Kas-
parov produts and bijetive. One heks easily that PDmaps both∇⊗ˆ
P⊗ˆP
(∇⊗ˆ 1P) and ∇⊗ˆP⊗ˆP (1P ⊗ˆ∇) to Θ ⊗ˆX Θ ⊗ˆX Θ in RKK
G
3n(X;P,P
⊗ˆ3).
Thus ∇ is oassoiative. Similarly,
PD(1P) = (−1)
nPD(∇ ⊗ˆ
P⊗ˆP (D ⊗ˆ 1P)) = PD(∇ ⊗ˆP⊗ˆP (1P ⊗ˆD)) = Θ.
Therefore, D is a ounit for the oalgebra (P,∇). 
Now we dene a natural transformation
(19) σ′X,P : RKK
G
∗ (X × Y ;A,B)→ RKK
G
∗ (Y ;A ⊗ˆP, B ⊗ˆP)
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by σ′X,P(f) := ∇⊗ˆP PD
−1(f), where ⊗ˆP operates on the seond opy of P
in the target P ⊗ˆP of ∇. We have
(20) PD(σ′X,P(f)) := Θ ⊗ˆP σ
′
X,P(f) = Θ ⊗ˆP ∇ ⊗ˆP PD
−1(f)
= Θ ⊗ˆX Θ ⊗ˆP PD
−1(f) = Θ ⊗ˆX f
in RKKG∗ (X × Y ;A,A
′ ⊗ˆP) for all f ∈ RKKG∗−n(X × Y ;A,A
′). It follows
from the graded ommutativity of exterior produts and Lemma 17 that
(21) (−1)niσ′X,P(f) ⊗ˆP D = ∇ ⊗ˆP⊗ˆP D ⊗ˆ PD
−1(f) = PD−1(f)
for f ∈ RKKGi (X × Y ;A,B). This may seem useless for omputing PD
−1
beause the denition of σ′X,P itself involves PD
−1
. The point of the notion
of a Kasparov dual is that we require σ′X,P to agree with another map that
is easy to ompute.
Reall that an X ⋊ G-C∗-algebra is a G-C∗-algebra P equipped with
a G-equivariant essential ∗-homomorphism from C0(X) into the entre of
the multiplier algebra of P . This is equivalent to a G-equivariant essential
∗-homomorphism m : C0(X) ⊗ˆ P → P , whih we all the X-struture map
for P . Given any X ⋊G-C∗-algebra P , we get natural maps
(22) σX,P : RKK
G
∗ (X;A,B)→ KK
G
∗ (P ⊗ˆA,P ⊗ˆB),
whih send the lass of a yle (E , F ) to [(P ⊗ˆC0(X) E , 1 ⊗ˆC0(X)F )] (see [24℄).
It is lear from the denition that
(23) σX,P
(
p∗X(f)
)
= 1P ⊗ˆ f
for all f ∈ KKG∗ (A,B) and all P .
Denition 18. Let X be a loally ompat G-spae. An (n-dimensional)
Kasparov dual forX is a triple (P,D,Θ) where P is a (possibly Z/2-graded)
X ⋊G-C∗-algebra, D ∈ KKG−n(P,C), and Θ ∈ RKK
G
n (X;C,P), suh that
18.1. Θ ⊗ˆP D = 1C in RKK
G
0 (X;C,C);
18.2. Θ ⊗ˆX f = Θ ⊗ˆP σX,P(f) in RKK
G
∗ (X × Y ;A,B ⊗ˆ P) for all f ∈
RKKG∗−n(X × Y ;A,B);
18.3. σX,P(Θ) ⊗ˆP⊗ˆP ΦP = (−1)
nσX,P(Θ) in KK
G
n (P,P ⊗ˆP).
This denition is abstrated from the arguments in [24, Setion 4℄.
Proposition 19. A triple (P,D,Θ) as above is a Kasparov dual for X if
and only if (P,Θ) is an abstrat dual for X (Denition 10), Θ ⊗ˆP D = 1C,
and the maps σ′X,P and σX,P dened in (19) and (22) agree.
If (P,D,Θ) is a Kasparov dual, then ∇ = σX,P(Θ), and the duality
isomorphisms
PD: KKG∗−n(P ⊗ˆA,B)→ RKK
G
∗ (X;A,B),
PD−1 : RKKGi (X;A,B)→ KK
G
i−n(P ⊗ˆA,B),
are given by PD(f) = Θ ⊗ˆP f and PD
−1(f ′) = (−1)niσX,P(f
′) ⊗ˆP D for
f ′ ∈ RKKGi (X;A,B).
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Proof. First we show that an abstrat dual with the additional properties
required in the proposition is a Kasparov dual. Condition 18.1 is lear and
18.2 follows from (20) and σ′X,P = σX,P . The formula for PD is part of
the denition of an abstrat dual, the one for PD−1 follows from (21). Sine
PD−1(Θ) = 1P , we have σX,P(Θ) = σ
′
X,P(Θ) = ∇. Therefore, 18.3 follows
from Lemma 17.
Suppose onversely that we have a Kasparov dual. Dene PD and PD−1
as in the statement of the proposition. We must hek that they are inverse
to eah other. The omposite PD ◦ PD−1 sends f ∈ RKKGi (X;A,B) to
(−1)niΘ ⊗ˆP σX,P(f) ⊗ˆP D = (−1)
niΘ ⊗ˆX f ⊗ˆP D = f ⊗ˆX Θ ⊗ˆP D = f
as desired. Let ∇ := σX,P(Θ) ∈ RKK
G
n (P,P ⊗ˆP). It follows from 18.1
that ∇⊗ˆ
P⊗ˆP (idP ⊗ˆD) = 1P . Using 18.3, we also get ∇⊗ˆP⊗ˆP (D⊗ˆidP) =
(−1)n1P . Therefore, the omposite PD
−1 ◦PD sends f ∈ KKGi−n(P ⊗ˆA,B)
to
(−1)niσX,P(Θ ⊗ˆP f) ⊗ˆP D = (−1)
niσX,P(Θ) ⊗ˆP⊗ˆP (f ⊗ˆD)
= (−1)n∇ ⊗ˆ
P⊗ˆP (D ⊗ˆ f) = (−1)
n∇ ⊗ˆ
P⊗ˆP (D ⊗ˆ idP) ⊗ˆP f = f.
In the seond step we use graded ommutativity of exterior produts. Thus
(P,Θ) is an abstrat dual forX. Condition 18.2 asserts that PD(σX,P(f)) =
Θ ⊗ˆX f for all f ∈ RKK
G
∗ (X;A,B). The same equation holds for σ
′
X,P
by (20). We get σ′X,P = σX,P beause PD is bijetive. 
If we have a Kasparov dual for X, then we an improve the denition of
the abstrat Euler harateristi:
Lemma 20. Let X be a loally ompat G-spae that admits a Kasparov
dual (P,D,Θ). Let m : C0(X) ⊗ˆ P → P be the X-struture map for P
and let Θ¯ ∈ KKGn (C0(X), C0(X) ⊗ˆP) be the image of Θ under the funtor
that forgets the X-struture. Then
EulX = Θ¯ ⊗ˆC0(X)⊗ˆP [m] ⊗ˆP D.
Proof. We have
EulX := Θ¯ ⊗ˆC0(X)⊗ˆP PD
−1(∆X) = Θ¯ ⊗ˆC0(X)⊗ˆP σX,P(∆X) ⊗ˆP D.
It remains to hek that σX,P(∆X) = [m]. We have ∆X(f1 ⊗ˆf2) = f1 ·f2 for
all f1, f2 ∈ C0(X). Hene the homomorphism σX,P(∆X) : C0(X) ⊗ˆP → P
maps f1 ⊗ˆ f2 7→ f1 · f2 for all f1 ∈ C0(X), f2 ∈ P. This is the denition of
the homomorphism m. 
It is useful for proofs to know that Denition 18.2 an be weakened as
follows:
Lemma 21. Let P be an X ⋊G-C∗-algebra and let Θ ∈ RKKGn (X;C,P).
Suppose that the formula Θ ⊗ˆX f = Θ ⊗ˆP σX,P(f) required in Denition
18.2 holds whenever f is the lass of an (X×Y )⋊G-linear ∗-homomorphism
C0(X × Y,A)→ C0(X × Y,B). Then 18.2 holds in omplete generality.
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Proof. If f = p∗X(f
′), then (23) implies Θ ⊗ˆX f = Θ ⊗ˆ f
′ = Θ ⊗ˆP σX,P(f).
Similarly, 18.2 holds for p∗X(f0) ⊗ˆX,A f ⊗ˆX,B p
∗
X(f1) with f0 ∈ KK
G
∗ (A1, A),
f1 ∈ KK
G
∗ (B,B1) one it holds for f . Therefore, we are done if we show that
every lass in RKKG∗ (X × Y ;A,B) an be written as a produt of this kind,
where f is the lass of an (X × Y )⋊G-linear ∗-homomorphism. We dedue
this from onsiderations related to the universal property of KKG.
[33, Proposition 5.4℄ identies KKG0 (A,B) with the set of homotopy lasses
of G-equivariant ∗-homomorphisms
χ(A ⊗ˆK(L2G))→ B ⊗ˆK(L2(G× N)⊕ L2(G ×N)op);
here χ(A) is a ertain universal algebra due to Ulrih Haag. The identia-
tion sends a homomorphism f to the Kasparov produt f0⊗ˆχ(... )f ⊗ˆB⊗ˆK(... )f1
for ertain natural elements f0 ∈ KK
G
0 (A,χ(. . . )), f1 ∈ KK
G
0 (B⊗ˆK(. . . ), B).
The same reasoning shows that the map
f 7→ p∗X(f0) ⊗ˆχ(... ) f ⊗ˆB⊗ˆK(... ) p
∗
X(f1)
identies RKKG0 (X×Y ;A,B) with the set of homotopy lasses of (X×Y )⋊
G-equivariant ∗-homomorphisms
C0(X×Y )⊗ˆχ(A⊗ˆK(L
2G))→ C0(X×Y )⊗ˆB⊗ˆK(L
2(G×N)⊕L2(G×N)op).
Hene every element of RKKG0 (X × Y ;A,B) an be deomposed in the re-
quired form. Putting in some more Cliord algebras, we get the same asser-
tion for elements of RKKG∗ (X × Y ;A,B). 
5. The ombinatorial Euler harateristi
Let X be a ountable, loally nite, simpliial omplex, equipped with a
simpliial, ontinuous ation of a loally ompat group G. We are going to
dene the ombinatorial Euler harateristi for suh X. Although we only
write down denitions for omplex C∗-algebras, it is evident that everything
we do here works in the real ase as well.
We dene simpliial omplexes as in, say, [8, I.Appendix℄. However, we
do not onsider the empty set as a simplex. The geometri realisation of X
is a seond ountable, loally ompat spae beause X is loally nite and
ountable. Sine we want to denote the geometri realisation by X as well,
it is onvenient to write SX for the set of (non-empty) simplies of X. For
eah simplex σ ∈ SX, we write |σ| for the orresponding subset of X, and
we let ξσ ∈ |σ| be its baryentre. The resulting map
(24) ξ : SX → X, σ 7→ ξσ
identies SX with a disrete G-invariant subset of X. We give SX the
disrete topology and the indued ation of G, whih is of ourse ontinuous.
Equivalently, the stabiliser Gσ of ξσ is open for all σ ∈ SX.
We require Gσ to at trivially on |σ|. This is ruial to get a orret
formula for the Euler harateristi. However, this assumption involves no
loss of generality beause we may, if neessary, replae X by its baryentri
subdivision, whih learly satises this ondition.
We deompose SX into the subsets S±X of simplies of even and odd
dimension. Let ℓ2(S±X) be the Z/2-graded Hilbert spae with orthonormal
basis SX and even and odd subspaes ℓ2(S+X) and ℓ
2(S−X), respetively.
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In Setion 6, we will mostly be using the Hilbert spae ℓ2(SX) with triv-
ial grading. We write ℓ2
(
S±X
)
here to emphasise the non-trivial grading.
Representing C0(SX) by diagonal operators on ℓ
2
(
S±X
)
, we get a natural
injetive ∗-homomorphism C0(SX)→ K
(
ℓ2
(
S±X
))
, whih is G-equivariant
and by operators of even parity. Moreover, the map (24) indues a G-equi-
variant ∗-homomorphism ξ∗ : C0(X)→ C0(SX).
Denition 22. Let EulcmbX ∈ KK
G
0 (C0(X),C) be the lass of the G-equivari-
ant ∗-homomorphism C0(X) → C0(SX) → K
(
ℓ2
(
S±X
))
desribed above.
We all this the ombinatorial G-equivariant Euler harateristi of X.
We now desribe EulcmbX more expliitly. For a subgroup H ⊆ G, we let
XH ⊆ X be the xed-point subset. For eah onneted omponent A of XH ,
pik a point x ∈ A and let dimH,A ∈ KK
G
0 (C0(X),C) be the lass of the
homomorphism C0(X) → C0(G/H) ⊆ K(ℓ
2(G/H)) that sends f ∈ C0(X)
to the operator of multipliation by the funtion gH 7→ f(gx). This does
not depend on the hoie of x by homotopy invariane. Moreover, we have
dimgHg−1,gA = dimH,A for all g ∈ G beause the resulting Kasparov yles
are unitarily equivalent. In partiular, dimH,gA = dimH,A if g belongs to
the normaliser N(H) of H. Thus we may replae the onneted omponents
of XH by the onneted omponents of N(H)\XH .
For an open subgroupH ⊆ G and a onneted omponent A ofN(H)\XH ,
let S(H,A) ⊆ SX be the set of all simplies of A whose stabiliser is exatly
equal to H; notie that eah A is a subomplex of X. Let
EulcmbX,H,A := [C0(X)
ξ∗
→ C0(SX)→ K
(
ℓ2
(
G · S±A)
))
] ∈ KKG0 (C0(X),C),
where the seond map is the representation by diagonal operators as above.
Then
EulcmbX =
∑
(H),A
EulcmbX,H,A,
where (H) runs through the set of onjugay lasses of those open subgroups
of G that our as stabilisers of simplies in X, and, for eah of these, A
runs through the set of onneted omponents of N(H)\XH .
Suppose rst that N(H)\S(H,A) is nite. Let χ(X,H,A) ∈ Z be the
alternating sum of the numbers of n-simplies in N(H)\S(H,A). Then
EulcmbX,H,A = χ(X,H,A)·dimH,A. If S(H,A) is innite, we let χ(X,H,A) := 0
and laim that EulcmbX,H,A = 0 and dimH,A = 0. The reason for this is that
there is a ontinuous path (xt)t∈R+ in A suh that limt→∞‖f |Gxt‖∞ = 0 for
all f ∈ C0(X). Thus
(25) EulcmbX =
∑
(H),A
χ(X,H,A) · dimH,A,
where the summation runs over the same data (H), A as above. If this sum
is innite, we have to add the yles, not just their lasses. The summation
in (25) is nite if and only if all xed-point subspaes XH have nitely
many onneted omponents and there are, up to onjugay, only nitely
many dierent subgroups of G that our as the stabiliser of a simplex in X.
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We are mainly interested in the ase where X is strongly ontratible.
Then all xed-point subsets XH are ontratible and a fortiori onneted.
Hene we may write dimH and χ(X,H) instead of dimH,A and χ(X,H,A).
Example 23. Consider G := PSL(2,Z). The free produt deomposition
G ∼= Z/2 ∗ Z/3 gives rise to a tree X on whih G ats in suh a way that
the fundamental domain is an edge with stabilisers Z/2 and Z/3 at the end
points and {1} in the interior (see [47, I.4, Theorem 7℄). The ation of G
on SX has only three orbits in this ase, two orbits on verties and one on
edges. We nd
EulcmbX = dimZ/2+dimZ/3− dim{1} ∈ KK
G
0 (C0(X),C).
Example 24. The ase where G is disrete and ats freely on X is partiularly
simple. Then we have natural isomorphisms
(26) KKG0 (C0(X),C)
∼= KK0(C0(X) ⋊r G,C) ∼= KK0(C0(G\X),C).
They map EulcmbX ∈ KK
G
0 (C0(X),C) to Eul
cmb
G\X ∈ KK0(C0(G\X),C). We
have
EulcmbG\X =
∑
A∈π0(G\X)
χ(A) · dimA,
where χ(A) is the usual Euler harateristi of A ⊆ G\X and dimA is the
lass in KK0(C0(G\X),C) of the homomorphism C0(G\X)→ C, f 7→ f(x),
for any x ∈ A. If G\X is onneted, we get EulcmbG\X = χ(G\X) · dim.
In [31℄, the relationship between various topologial onstrutions of Euler
harateristis is disussed. Here we onsider another onstrution from
representation theory that is related to the Euler harateristi of a group.
We assume that G is a totally disonneted loally ompat group for
whih there is a G-ompat universal proper G-spae X. This holds, for
instane, for redutive p-adi groups or hyperboli groups, where we may
take the ane Bruhat-Tits building or the Rips omplex, respetively. We
may then hoose X to be a G-nite simpliial omplex with simpliial a-
tion of G. As in Denition 15, we identify KKG∗ (C0(X),C)
∼= K
top
∗ (G), so
that we an view the ombinatorial Euler harateristi of X as an element
EulcmbX ∈ K
top
0 (G). This lass is independent of the hoie of X; we omit the
veriation beause our main theorem (Theorem 30) yields in any ase that
EulcmbX = EulEG, where EulEG is as in Denition 15.
We assume now that G satises the Baum-Connes onjeture, so that we
lose nothing by mapping EulX ∈ K
top
0 (G) to K0(C
∗
rG). This lass an be
desribed as follows:
µG(Eul
cmb
X ) =
∑
σ∈G\SX
(−1)|σ|[τ(Gσ)] ∈ K0(C
∗
rG),
where τ(Gσ) ∈ C
∗
r (Gσ) ⊆ C
∗
r (G) is the projetion onto the trivial represen-
tation of the ompat-open subgroup Gσ . As a projetion in the redued
C∗-algebra, τ(G) is given by Vol(Gσ)
−1 ·1Gσ , where 1Gσ is the harateristi
funtion of Gσ.
The lass µG(Eul
cmb
X ) ∈ K0(C
∗
rG) is related to the representation theory
of G. For disrete groups, this idea goes bak to Hyman Bass ([3℄).
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Reall that the Heke algebra of G is the spae of loally onstant, om-
patly supported funtions G → C with the onvolution produt. If G is
disrete, this is nothing but the group algebra of G. The projetions τ(Gσ)
all lie in H(G), so that their alternating sum atually lies in Kalg0 (H(G)).
Let R(G) be the ategory of smooth representations of G (always on om-
plex vetor spaes). We say that a smooth representation of G has type (FP)
if it has a nite length resolution (Pn, δn) by nitely generated projetive ob-
jets of R(G). This resolution is unique up to hain homotopy equivalene.
We have Pn ∼= H(G)
kn · pn for ertain projetions pn ∈ Mkn(H(G)), whih
yield lasses in Kalg0 (H(G)). Let
χ(M) :=
∞∑
n=0
(−1)n[pn] ∈ K
alg
0 (H(G)).
This is well-dened, that is, independent of the hoies of the resolution
(Pn, δn) and the projetions pn.
We may onsider the ellular hain omplex of X with oeients C as
a hain omplex of smooth representations of G. Its homology vanishes for
∗ > 0 and is C with the trivial representation of G for ∗ = 0. Sine X
is G-ompat, C[SX] is a nite diret sum of H(G)-modules of the form
C[G/H] for ertain ompat-open subgroups H ⊆ G. The latter are nitely
generated projetive objets of R(G) beause C[G/H] ∼= H(G) · τH for all
ompat-open subgroups H ⊆ G. Thus the trivial representation of G has
type (FP) and the natural map Kalg0 (H(G)) → K0(C
∗
rG) maps χ(C) to
µG(EulEG).
Representation theorists usually replae χ(C) by its Chern harater,
whih belongs to HH0(H(G)) := H(G)/[H(G),H(G)]; it is represented by
the funtion ∑
σ∈G\SX
(−1)|σ|τ(Gσ) ∈ H(G).
If G is a semi-simple p-adi group, another representative for the same lass
is the Euler-Poinaré funtion of Robert Kottwitz ([28, Setion 2℄); it is
omputed from the ellular hain omplex of the ane Bruhat-Tits building
with its natural poly-simpliial struture. Reall that we rene this to a
simpliial struture with the additional property that Gσ xes the simplex σ
pointwise. Both hain omplexes produe the same lass in HH0(H(G)), even
in Kalg0 (H(G)), beause they both ome from nite projetive resolutions of
the trivial representation of G.
Peter Shneider and Ulrih Stuhler onstrut analogous Euler-Poinaré
funtions for general irreduible representations of semi-simple p-adi groups
in [46℄; it is not hard to lift these Euler-Poinaré funtions to elements of
Kalg0 (H(G)), see [34℄. Although the Borel-Serre ompatiation plays an
important role in [46℄, it is not lear to us whether these more general Euler
harateristis of irreduible representations are related to Kasparov duals
or boundary ations.
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6. A Kasparov dual for simpliial omplexes
In this setion, we assume X to be a nite-dimensional, loally nite,
ountable simpliial omplex equipped with a simpliial, ontinuous ation
of a loally ompat group G. We do not require the ation to be proper.
Our main goal is to exhibit the ombinatorial Euler harateristi as an
abstrat Euler harateristi. A Kasparov dual for X has already been on-
struted by Gennadi Kasparov and Georges Skandalis in [25℄. However, they
only desribe Θ indiretly, whih makes it hard to ompute EulX . Therefore,
we give an independent and ompletely expliit onstrution for Θ. We also
modify their denitions of P and D slightly to get a simple formula for Θ.
We need some preparations before we an start the atual onstrution.
As in Setion 5, SX denotes the set of simplies ofX, and we usually write X
both for the simpliial omplex and its geometri realisation. Let S0X ⊆ SX
be the set of verties, that is, 0-simplies of X. Suppose that X is at most
n-dimensional and let
n := {0, 1, . . . , n}.
A olouring on X is a funtion ν : S0X → n suh that for any simplex
σ ∈ SX, the images under ν of the verties of σ are pairwise distint. A
oloured simpliial omplex is a simpliial omplex equipped with suh a
olouring. The ation of G is ompatible with the olouring if the funtion ν
is G-invariant. (Coloured simpliial omplexes are alled typed in [25℄.) Most
of our onstrutions only involve a single simplex in X at a time. The
olouring allows us to piee these loal onstrutions together.
LetX be any n-dimensional simpliial omplex and letX(1) be its baryen-
tri subdivision. Reall that the vertex set of X(1) is equal to the set of
simplies of X; the simplies in X(1) are labelled bijetively by stritly in-
reasing hains in the partially ordered set of simplies of X; here the partial
order is dened by σ ≤ σ′ if σ is a fae of σ′. The map S0X
(1) = SX → n
that sends a simplex to its dimension is a anonial olouring on X(1). Thus
it is no loss of generality to assume X to arry a G-invariant olouring; we
assume this in the following.
We shall use the ane Eulidean spae
(27) E :=
{
(t0, . . . , tn) ∈ R
n+1
∣∣∣ ∑ ti = 1}.
Sometimes, we speify a point in E by homogeneous oordinates:
(28) [t0, . . . , tn] :=
(∑
ti
)−1
(t0, . . . , tn)
provided
∑
ti 6= 0. We realise the standard n-simplex as the subset
(29) Σ := {(t0, . . . , tn) ∈ E | ti ≥ 0 for all i ∈ n}.
Let S(n) be the partially ordered set of non-empty subsets of n. We
extend the olouring ν to a map SX → S(n) by sending a simplex to the
set of olours of its verties. We also dene ν(∅) := ∅. We identify n with
the set of verties of Σ. Sine a fae of Σ is determined by the set of verties
it ontains, this identies S(n) with the partially ordered set of faes of Σ.
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Figure 1. The regions Rf
Under this identiation, f ⊆ n orresponds to the fae
(30) |f | := {(t0, . . . , tn) ∈ Σ | ti = 0 for i ∈ n \ f}
= {(t0, . . . , tn) ∈ E | ti ≥ 0 for i ∈ f and ti = 0 for i ∈ n \ f}.
We may view the map ν : SX → S(n) as a G-invariant simpliial map;
passing to geometri realisations, we get a G-invariant ontinuous map
(31) |ν| : X → Σ.
Any point x ∈ X belongs to some simplex σ ∈ SX. The restrition of |ν|
to |σ| is the unique ane map that sends a vertex of olour i to the or-
responding vertex of Σ. If σ is of dimension k, then ν(σ) ⊆ n has k + 1
elements and hene denes a k-dimensional fae of Σ. Hene the restrition
of |ν| to |σ| is a homeomorphism from |σ| to the fae |ν(σ)| of Σ, whih we
denote by |ν|σ.
For any f ⊆ n, we dene a losed onvex subset Rf ⊆ E by
(32) Rf := {(t0, . . . , tn) ∈ E | ti ≥ 0 for i ∈ f and ti ≤ 0 for i ∈ n \ f}.
These regions are a ruial ingredient of our onstrution. Figure 1 illustrates
them for n = 2. We have Rn = Σ and R∅ = ∅ beause no point of E satises
ti < 0 for all i ∈ n. The sets Rf for f ∈ S(n) over E and have mutually
disjoint interiors. We also dene RS :=
⋃
f∈S Rf if S ⊆ S(n) is a set of faes
of Σ. We are mainly interested in
(33) R≤f :=
⋃
{l∈S(n)|l≤f}
Rl = {(t0, . . . , tn) ∈ E | ti ≤ 0 for i ∈ n \ f}
for f ⊆ n. It follows immediately that
(34) R≤f1 ∩R≤f2 = R≤(f1∩f2)
for all f1, f2 ∈ S(n).
We dene a retration q : E → Σ by
(35) q(t0, . . . , tn) := [max(t0, 0), . . . ,max(tn, 0)].
Inspetion of (30) and (33) yields
(36) q−1(|f |) = R≤f .
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Kasparov and Skandalis use the nearest point retration to Σ instead of q
in [25℄. We prefer q beause of the more expliit formula.
We an now dene the underlying C∗-algebra P of our Kasparov dual.
We use the C∗-algebra of ompat operators on ℓ2(SX). The group G ats
on this Hilbert spae via its ation on the basis SX. We equip ℓ2(SX) with
the trivial grading, as opposed to the grading by parity that we used in
Setion 5. We desribe an operator T on ℓ2(SX) by a matrix (Tσσ′ )σ,σ′∈SX .
For a funtion ϕ : Y → B(ℓ2(SX)), its matrix oeients are also funtions
ϕσσ′ : Y → C, dened by ϕσσ′ (y) := ϕ(y)σσ′ for y ∈ Y . Let
(37) P := {ϕ ∈ C0(E,K(ℓ
2(SX))) |
suppϕσσ′ ⊆ R≤ν(σ∩σ′) for all σ, σ
′ ∈ SX}.
Hene ϕσσ′ = 0 unless σ and σ
′
have a ommon fae. We let G at on
C0(E,K(ℓ
2(SX))) by gϕ(t) := πg ◦ϕ(t)◦π
−1
g for all g ∈ G, t ∈ E. Obviously,
P is a losed, self-adjoint, G-invariant subspae of C0(E,K(ℓ
2(SX))). We
have to hek that P is losed under multipliation. If ϕ,ψ ∈ P, σ, σ′ ∈ SX,
then we have (ϕ ·ψ)σσ′ =
∑
τ∈SX ϕστψτσ′ . Using equation (34) and that the
olouring is injetive on the verties of τ , we get
suppϕστψτσ′ ⊆ R≤ν(σ∩τ) ∩R≤ν(σ′∩τ) = R≤ν(σ∩τ∩σ′) ⊆ R≤ν(σ∩σ′).
Hene eah individual summand ϕστψτσ′ satises the support ondition (37).
Thus P is a G-invariant C∗-subalgebra of C0(E,K(ℓ
2(SX))).
We may interpret the algebra P physially as follows. The simplies σ
are possible states of a system. For t ∈ E, the system may only be in the
state σ if ti < 0 for all i ∈ n \ ν(σ); two suh states σ, σ
′
may interat if
ti < 0 for all i ∈ n \ ν(σ ∩ σ
′).
Next we dene the X-struture map m : C0(X) ⊗ P → P. Reall that
the map |ν| dened in (31) restrits to a homeomorphism |ν|σ : |σ| → |ν(σ)|
for eah σ ∈ SX and that q(R≤f ) ⊆ |f | by (36). Hene we may dene a
ontinuous G-equivariant map
(38) E × SX ⊇
⋃
σ∈SX
R≤ν(σ) × {σ}
q¯
−→ X, q¯(t, σ) := |ν|−1σ
(
q(t)
)
.
It is onvenient to extend this funtion to all of E × SX. We may do
this by q¯(t, σ) := |ν|−1σ ◦ aν(σ) ◦ q(t), where we hoose simpliial retrations
af : Σ → |f | for f ∈ S(n). With this extension of q¯ we get a G-equivariant
essential ∗-homomorphism
m′ : C0(X)
q¯∗ // Cb(E × SX) // C0(E,K(ℓ
2(SX))),
where the seond map is the representation by diagonal operators on ℓ2(SX).
By onstrution, q¯(t, σ) ∈ |σ| for all t ∈ E, σ ∈ SX.
Lemma 25. We have m′(ϕ1) ◦ ϕ2 = ϕ2 ◦m
′(ϕ1) ∈ P for all ϕ1 ∈ C0(X),
ϕ2 ∈ P.
Proof. It follows from the denitions that
(m′(ϕ1) ◦ ϕ2)σσ′ (t) = ϕ1
(
q¯(t, σ)
)
· ϕ2(t)σσ′ ,
(ϕ2 ◦m
′(ϕ1))σσ′ (t) = ϕ1
(
q¯(t, σ′)
)
· ϕ2(t)σσ′
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for all σ, σ′ ∈ SX, t ∈ E. The funtion (ϕ2)σσ′ is supported in the re-
gion R≤ν(σ∩σ′) beause ϕ2 ∈ P, see (37). Therefore, (m
′(ϕ1)ϕ2)σσ′ and
(ϕ2m
′(ϕ1))σσ′ are supported in this region as well, so that m
′(ϕ1)ϕ2 ∈ P
and ϕ2m
′(ϕ1) ∈ P. It remains to hek that the two matrix oeients
above agree. This follows if q¯(t, σ) = q¯(t, σ′) for all t ∈ R≤ν(σ∩σ′) beause
both matrix oeients are supported in this region.
If t ∈ R≤ν(σ∩σ′), then t ∈ R≤ν(σ) and t ∈ R≤ν(σ′) by (34). Thus q¯(t, σ)
and q¯(t, σ′) are both dened by (38). We have q(t) ∈ |ν(σ ∩ σ′)| by (36).
Both |ν|σ and |ν|σ′ extend |ν|σ∩σ′ , whih is a homeomorphism onto the fae
|ν(σ ∩ σ′)|. Therefore, q¯(t, σ) = q¯(t, σ ∩ σ′) = q¯(t, σ′) as desired. 
Hene there is a unique ∗-homomorphism m : C0(X) ⊗ P → P with
m(ϕ1⊗ϕ2) := m
′(ϕ1) ◦ϕ2; sine C0(X) is nulear, it does not matter whih
tensor produt we hoose here. The map m is G-equivariant and essential,
so that P beomes an X ⋊ G-C∗-algebra. If we view ϕ ∈ C0(X) ⊗ P as
a funtion X × E → K(ℓ2(SX)), we an desribe m expliitly in terms of
matrix oeients:
(39) m(ϕ)σσ′ (t) = ϕσσ′ (q¯(t, σ ∩ σ
′), t) = ϕσσ′ (|ν|
−1
σ∩σ′ ◦ q(t), t).
The last expression has to be taken with a grain of salt beause |ν|−1σ∩σ′ ◦ q(t)
is only dened for t ∈ R≤ν(σ∩σ′); for other values of t, we have ϕσσ′(x, t) = 0
regardless of the value of x beause of the denition of P in (37).
Next, we dene D ∈ KKGn (P,C). Let [i] ∈ KK
G
0
(
P, C0(E)
)
be the lass
of the inlusion map i : P → C0(E) ⊗ K(ℓ
2(SX)). Sine E ∼= Rn, we have
anonial invertible elements
βE ∈ KKn(C0(E),C), βˆE ∈ KK−n
(
C, C0(E)
)
,
suh that
βE ⊗ βˆE = 1C0(E) in KK
G
0 (C0(E), C0(E)),
βˆE ⊗C0(E) βE = 1C in KK
G
0 (C,C).
We set
(40) D := [i]⊗C0(E) βE ∈ KK
G
n (P,C).
We will onstrut Θ ∈ RKKG−n(X;C,P) as Θ := βˆE ⊗C0(E) [ϑ], where
[ϑ] ∈ RKKG0 (X;C0(E),P) is the lass of an X ⋊G-equivariant ∗-homomor-
phism ϑ : C0(X)⊗C0(E)→ C0(X)⊗P. The latter is, of ourse, equivalent
to a G-equivariant ontinuous family of ∗-homomorphisms ϑx : C0(E)→ P
for x ∈ X. Its onstrution is rather involved. This is the point where we
deviate most seriously from [25℄.
The rst ingredient for ϑ is a ertain G-equivariant funtion from X to
the unit sphere of ℓ2(SX). For this we need the baryentri subdivision X(1)
of X. Reall that the verties of this subdivision are in bijetion with SX.
Let x ∈ X and let σ(1) be some simplex of the baryentri subdivision that
ontains x. The verties of σ(1) form a stritly inreasing hain σ0 ⊂ · · · ⊂ σk
in SX; we view these as basis vetors of ℓ2(SX). Any point of |σ(1)| an
be written uniquely as a onvex ombination of the verties σj ; formally,
x =
∑k
j=0 tjσj , where tj ≥ 0 for all j ∈ k and
∑
tj = 1. The baryentri
subdivision of a 2-simplex is illustrated in Figure 2; we have represented the
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Figure 2. baryentri subdivision of the standard 2-simplex
verties by their olours in {0, 1, 2}. The shaded maximal simplex of the
baryentri subdivision is labelled by the hain 0, 01, 012.
Let
(41) v′(x) = v′
( k∑
j=0
tjσj
)
:=
k∑
j=0
√
tjσj ∈ ℓ
2(SX).
This denes a ontinuous map from |σ(1)| to the unit sphere of ℓ2(SX). If
some of the oordinates tj of x vanish, then we may replae σ
(1)
by the fae
that is spanned by the σj with tj 6= 0. Sine this does not hange v
′(x), the
maps v′ may be glued together to a ontinuous map v′ : X → ℓ2(SX), whose
range is ontained in the unit sphere. Now let P ′ : X → K(ℓ2(SX)) be the
funtion whose value at x ∈ X is the rank-1-projetion onto C · v′(x). The
maps v′ and P ′ are evidently G-equivariant.
An important point about this denition is that the basis vetors involved
in v′(x) form a hain in SX; hene there is some region in E where P ′(x)
is a possible value for an element of P. Observe that P ′(x) is a diagonal
operator in the basis SX if and only if v′(x) is a basis vetor, if and only
if x is a vertex of the baryentri subdivision; equivalently, x = ξσ for some
σ ∈ SX. In order to proeed with the onstrution, we need a projetion
valued funtion that is diagonal not merely at these points but near them.
Therefore, we replae v′ and P ′ by v := v′ ◦C and P := P ′ ◦C with a ertain
ollapsing map C : X → X.
Choose L ∈ (0, 1/(n + 1)). We rst dene a map CΣ : Σ → Σ on the
standard simplex by
(42) CΣ
(
(t0, . . . , tn)
)
:= [min{t0, L}, . . . ,min{tn, L}],
where [. . . ] denotes homogeneous oordinates as in (28). If tj = 0, then
min{tj , L} = 0 as well. This means that CΣ(|f |) ⊆ |f | for eah fae f of Σ
(these faes are dened in (30)). Therefore, if σ ∈ SX we may dene
C : |σ| → |σ|, x 7→ |ν|−1σ ◦ CΣ ◦ |ν|σ(x),
using the homeomorphisms |ν|σ dened after (31). These maps on simplies
math on |σ ∩ σ′|, so that we get a global map C : X → X. Now we put
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v := v′ ◦C and P := P ′ ◦C ; thus P (x) is the rank-1-projetion onto C · v(x)
for all x ∈ X.
In order to formulate some properties of the ollapsing map, we dene
(43) CRf := {(t0, . . . , tn) ∈ Σ | ti ≥ L for i ∈ f , ti ≤ L for i ∈ n \ f}.
for f ∈ S(n). These regions over Σ beause L < 1/(n + 1). Figure 3
illustrates them for the 2-simplex. Combining (30) and (43), we get
(44) |f | ∩ CRf = {(t0, . . . , tn) ∈ Σ | ti ≥ L for i ∈ f , ti = 0 for i ∈ n \ f}.
Hene CΣ(|f | ∩CRf ) onsists of a single point (t
′
i), with homogeneous oor-
dinates t′i = L for i ∈ f and t
′
i = 0 for i ∈ n \ f . The resaling replaes L by
1/#f and thus produes the baryentre ξf of the fae f ; that is,
(45) CΣ(|f | ∩ CRf ) = {ξf}.
Lemma 26. If x ∈ X satises |ν|(x) ∈ CRf , then P (x)σσ′ = 0 or f ⊆
ν(σ ∩ σ′).
Proof. Let τ be some simplex of X that ontains x. Sine v(x) only has
non-zero oeients at the faes of τ and sine the restrition of |ν| to |τ | is
injetive, we may assume without loss of generality that X = Σ and |ν| =
idΣ. Moreover, the assertion is invariant under simpliial automorphisms
of Σ, that is, permutations of oordinates. (We transform both x and f ,
of ourse.) We an ahieve that x0 ≥ x1 ≥ · · · ≥ xn by a oordinate
permutation. Hene the only possibilities for f are f = {0, . . . , k} for some
k ∈ n. Let x′ := CΣ(x), then we get P (x) = P
′(x′) and
x′0 = x
′
1 = · · · = x
′
k ≥ x
′
k+1 ≥ · · · ≥ x
′
n.
Let αj ∈ Σ be the vertex of the baryentri subdivision of Σ that is labelled
by the simplex {0, . . . , j}; equivalently, αj is the baryentre of that simplex;
expliitly, the rst j + 1 oordinates of αj are 1/(j + 1), the remaining ones
vanish. It is straightforward to see that x′ is a onvex ombination of αj with
j ≥ k. Suh onvex ombinations form a single simplex in the baryentri
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subdivision. Hene the vetor v(x) = v′(x′) ∈ ℓ2(SX) only ontains the
basis vetors αj with j ≥ k. Therefore, if P (x)σ,σ′ 6= 0, then σ and σ
′
are
among the αj with j ≥ k. This implies f ⊆ ν(σ ∩ σ
′) as asserted. 
For λ > 1, let rλ : E → E be the radial expansion map around the baryen-
tre of Σ. Expliitly,
(46) rλ(t0, . . . , tn) =
(
λt0 −
λ− 1
n+ 1
, . . . , λtn −
λ− 1
n+ 1
)
.
If (λ− 1)/(n + 1) = λL, that is, λ = (1− (n+ 1)L)−1, then we get
(47) CRf = r
−1
λ (Rf )
and hene rλ(CRf ) ⊆ Rf ⊆ R≤f ; this follows immediately from the def-
initions (32) and (43), see also Figures 1 and 3. We shall need a slightly
dierent result, as follows. For δ > 0, let
B(δ) :=
{
(t0, . . . , tn) ∈ R
n+1
∣∣ ∑ tj = 0 and |tj| < δ for all j = 0, . . . , n}.
Lemma 27. If λ > (1 − (n + 1)L)−1, then there exists δ > 0 suh that
rλ(s) +B(δ) ⊆ R≤f for all f ∈ S(n), s ∈ CRf .
Proof. This follows immediately from the denition of rλ and the denitions
(33) and (43) of the regions R≤f and CRf . 
Choose λ and δ > 0 as in Lemma 27 and hoose an orientation-preserving
dieomorphism h : E
∼=
→ B(δ). Let E+ be the one-point ompatiation
of E. Extend h−1 to a map h−1 : E+ → E+ by h
−1(t) := ∞ for t /∈ B(δ)
and extend ϕ ∈ C0(E) to E+ by ϕ(∞) := 0. We get a ontinuous family of
∗-homomorphisms
(48) hs! : C0(E)→ C0(E), hs!ϕ(t) := ϕ ◦ h
−1
(
t− rλ(s)
)
for s ∈ Σ, where rλ : E → E is dened in (46). Our notation stems from the
fat that hs! is the wrong-way map assoiated to the open embedding
hs : E → E, t 7→ h(t) + rλ(s).
By onstrution, hs!(ϕ) vanishes outside rλ(s) + B(δ) for all ϕ ∈ C0(E).
Using the map |ν| : X → Σ dened in (31), we get a G-invariant ontinuous
family of ∗-homomorphisms h|ν|(x) : C0(E)→ C0(E) parametrised by x ∈ X.
Lemma 28. The formula ϑx(ϕ) := h|ν|(x)!(ϕ) ⊗ P (x) for x ∈ X denes
a G-equivariant ontinuous family of ∗-homomorphisms C0(E) → P and
hene a lass [ϑ] ∈ RKKG0 (X;C0(E),P). We dene
Θ := βˆE ⊗C0(E) [ϑ] ∈ RKK
G
−n(X;C,P).
Proof. It is lear that ϑx is a G-equivariant ontinuous family of ∗-homo-
morphisms into C0(E,K(ℓ
2(SX))) ⊇ P. We must hek that its range is
ontained in P. Fix σ, σ′ ∈ SX and x ∈ X suh that P (x)σσ′ 6= 0. We have
|ν|(x) ∈ CRf for some f ∈ S(n) beause these regions over Σ. Lemma 26
yields f ⊆ ν(σ ∩ σ′). Let V := rλ|ν|(x) + B(δ), then V ⊆ R≤f ⊆ R≤ν(σ∩σ′)
by Lemma 27. Sine h|ν|(x)!ϕ is supported in V for all ϕ ∈ C0(E), we get
suppϑx(ϕ)σσ′ ⊆ R≤ν(σ∩σ′). This means that ϑx(ϕ) ∈ P (see (37)). 
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Theorem 29. The triple (P,D,Θ) dened above is Kasparov dual for X
of dimension −n.
Proof. First we hek ondition 18.1, that is, Θ⊗PD = 1C. Let ϑ = (ϑx)x∈X
be as in Lemma 28. Let i be the embedding P → C0(E) ⊗ K(ℓ
2(SX)); it
denes a lass [i] ∈ KKG0 (P, C0(E)). Then
Θ⊗P D = βˆE ⊗C0(E) [ϑ]⊗P [i]⊗C0(E) βE .
We are done if we show [i ◦ϑ] = 1C0(E) in RKK
G
0 (X;C0(E), C0(E)) beause
βˆE ⊗C0(E) βE = 1C. Sine we no longer impose any support restritions on
the range of i ◦ ϑx, the family of maps
ϑsx(ϕ)(t) := ϕ ◦ h
−1
(
t− rsλ
(
|ν|(x)
))
P (x)
for s ∈ [0, 1] provides a natural homotopy between i ◦ ϑx = ϑ
1
x and the map
ϑ0xϕ(t) := ϕ ◦ h
−1(t− ξ)P (x),
where ξ is the baryentre of Σ. Sine h is an orientation-preserving home-
omorphism E → B(δ), the endomorphism ϕ 7→ ϕ ◦ h−1(t − ξ) of C0(E) is
homotopi to the identity map. Thus [ϑ] is the exterior produt of 1C0(E)
and the lass [P ] ∈ RKKG0 (X;C,C) determined by the ontinuous family of
projetions P (x), x ∈ X. The ontinuous family of unit vetors v(x) may be
viewed as a G-equivariant ontinuous family of isometries vˆ(x) : C→ ℓ2(SX)
with vˆ(x)vˆ∗(x) = P (x). This means that [P ] = [1C]. This nishes the proof
that Θ⊗P D = 1C.
Next we verify 18.2, whih asserts that Θ ⊗ˆX f = Θ ⊗ˆP σX,P(f) in
RKKG∗ (X ×Y ;A,B ⊗ˆP) for all f ∈ RKK
G
∗+n(X ×Y ;A,B) and all Y,A,B.
Sine the lasses βE and βˆE are inverse to eah other, this is equivalent to
[ϑ]⊗ˆX f = [ϑ]⊗ˆP σX,P(f) in RKK
G
∗ (X×Y ;A⊗ˆC0(E), B ⊗ˆP). By Lemma
21, it sues to prove this in the speial ase where f is an (X × Y ) ⋊ G-
equivariant ∗-homomorphism. Thus both fators in our produt are now
lasses of equivariant ∗-homomorphisms.
We view f as a G-equivariant ontinuous family of C0(Y )-linear ∗-homo-
morphisms fx : C0(Y,A)→ C0(Y,B) for x ∈ X. Then ϑ⊗ˆX f orresponds to
the ontinuous family of maps ϑx ⊗ˆ fx : C0(E) ⊗ˆC0(Y,A)→ P ⊗ˆC0(Y,B),
x ∈ X. Expliitly,
(49) (ϑ ⊗ˆX f)x(ϕ ⊗ˆ a)σσ′(t) := ϑx(ϕ)σσ′ (t)fx(a)
= (h|ν|(x)!ϕ)(t)P (x)σσ′fx(a) in C0(Y,B)
for all ϕ ∈ C0(E), a ∈ C0(Y,A), t ∈ E, σ, σ
′ ∈ SX.
By denition, we have σX,P(f)(ϕ1 ·ϕ2 ⊗ˆa) = ϕ1 ·f(ϕ2 ⊗ˆa) for all ϕ1 ∈ P,
ϕ2 ∈ C0(X), a ∈ C0(Y,A). Using (39), we rewrite this as
(50) σX,P(f)(ϕ ⊗ˆ a)σσ′ (t) = ϕσσ′(t)fq¯(σ,t)(a) in C0(Y,B)
for all ϕ ∈ P, a ∈ C0(Y,A), σ, σ
′ ∈ SX, t ∈ E. Composition with ϑ yields
the ontinuous family of maps (ϑ ⊗ˆP σX,P(f))x = σX,P(f) ◦ (1A ⊗ˆϑx) from
C0(E) ⊗ˆC0(Y,A) to P ⊗ˆ C0(Y,B) for x ∈ X. Thus
(51) (ϑ ⊗ˆP σX,P(f))x(ϕ ⊗ˆ a)σσ′ (t) = (h|ν|(x)!ϕ)(t)P (x)σσ′fq¯(σ,t)(a).
EULER CHARACTERISTICS AND BOUNDARY ACTIONS 29
The only dierene between the two families in (49) and (51) is that we
use fx and fq¯(σ,t), respetively. Whenever P (x)σσ′ 6= 0, x and q¯(σ, t) lie in
the same simplex σ ∩ σ′ of X. Arguments as in the proofs of Lemmas 25
and 28 show that we still get a homomorphism from C0(E) ⊗ˆ C0(Y,A) to
P ⊗ˆ C0(Y,B) if we replae fq¯(σ,t) in (51) with f(1−s)x+sq¯(σ,t) for s ∈ [0, 1].
Thus ϑ ⊗ˆX f and ϑ ⊗ˆP σX,P(f) are homotopi. This nishes the proof of
18.2.
It remains to verify 18.3. Sine βE is invertible, we may replae σX,P(Θ)
with σX,P([ϑ]) in this statement. This is the lass of a G-equivariant ∗-ho-
momorphism σX,P(ϑ) : P ⊗ C0(E)→ P ⊗P. We must hek
[ΦP ◦ σX,P(ϑ)] = (−1)
n[σX,P(ϑ)] in KK
G
0 (P ⊗ C0(E),P ⊗P);
here ΦP denotes the ip automorphism on P ⊗ P. We desribe σX,P(ϑ)
by speifying its matrix oeients with respet to the basis SX × SX of
ℓ2(SX) ⊗ˆ ℓ2(SX) ∼= ℓ2(SX × SX). Equation (50) yields
(52) σX,P(ϑ)(ϕ1 ⊗ˆ ϕ2)(t1, t2)(σ1,σ2),(σ′1,σ′2)
= ϕ1(t1)σ1σ′1 · ϕ2 ◦ h
−1(t2 − rλ ◦ |ν| ◦ q¯(t1, σ1)) · P (q¯(σ1, t1))σ2σ′2
for all ϕ1 ∈ P, ϕ2 ∈ C0(E), t1, t2 ∈ E, σ1, σ
′
1, σ2, σ
′
2 ∈ SX. Fix t1, t2 ∈ E
and hoose f ⊆ n minimal suh that t1 belongs to the interior of R≤f .
Thus q(t1) ∈ |f | by (36). If ϕ1(t1)σ1σ′1 6= 0, then f ⊆ ν(σ1 ∩ σ
′
1) by the
denition of P, see (37). Hene (38) yields q¯(σ1, t) = |ν|
−1
σ1 q(t1). Thus
|ν|q¯(σ1, t1) = q(t1) and we an rewrite the right hand side of (52) as
ϕ1(t1)σ1σ′1 · ϕ2 ◦ h
−1(t2 − rλq(t1)) · P (q¯(σ1, t1))σ2σ′2 .
For σ ∈ SX, f ⊆ n, we let
(53)
SX≥σ := {σ
′ ∈ SX | σ′ ≥ σ},
SX≥f := {σ
′ ∈ SX | ν(σ′) ⊇ f},
SX=f := {σ
′ ∈ SX | ν(σ′) = f},
Sine ν is a olouring, any simplex in SX≥f ontains a unique fae σ with
ν(σ) = f . This means that SX≥f is the disjoint union of the subsets SX≥σ,
where σ ∈ SX=f . We write σ1,f := τ if ν(τ) = f and σ1 ∈ SX≥τ . With f
as dened above, we have q¯(σ1, t1) ∈ |σ1,f |. Thus P (q¯(σ1, t1))σ2σ′2 = 0 unless
σ2 and σ
′
2 are faes of σ1,f . We also hoose f2 suh that q(t1) ∈ CRf2 . Then
it follows from Lemma 26 that f2 ⊆ ν(σ2 ∩ σ
′
2) for all σ2, σ
′
2 ∈ SX with
P (q¯(σ1, t1))σ2σ′2 6= 0. Sine both σ2 and σ
′
2 are faes of σ1, this is equivalent
to σ2, σ
′
2 ∈ SX≥σ1,f2 . Moreover, Lemma 27 yields that t2 belongs to the
interior of R≤f2 .
It follows from the denition of P that the possible values of ϕ1(t1) for
ϕ1 ∈ P are exatly the elements of⊕
σ∈SX=f
K(ℓ2(SX≥σ)) ⊆ K(ℓ
2(SX)).
A similar desription is available for the possible values at t2, of ourse; the
relevant fae f ′ ⊆ n is the minimal subset for whih t2 is an interior point
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of R≤f ′ . We have f
′ ≤ f2 by Lemma 27. The map σX,P(ϑ) gives rise to an
embedding ⊕
τ∈SX=f
K(ℓ2(SX≥τ ))→
⊕
τ∈SX=f
K(ℓ2(SX≥τ × SX≥τf ′ )),
whih is indued by the family of isometries
J(τ, t1) : ℓ
2(SX≥τ )→ ℓ
2(SX≥τ × SX≥τf ′ ), η 7→ η ⊗ v(q¯(τ, t1)),
for τ ∈ SX=f . Here we use the denition of P (x) as the rank-1-projetion
onto the span of the unit vetor v(x).
Sine the oeients of v(x) are non-negative for all x ∈ X, we have
(1− s)v(x) + sσ 6= 0 for any s ∈ [0, 1], σ ∈ SX (we view σ as a basis vetor
of ℓ2(SX)). Therefore, we may deform the isometry J(τ, t1) by a ontinuous
path of isometries Js(τ, t1)(σ) : ℓ
2(SX≥τ )→ ℓ
2(SX≥τ ×SX≥τf ′ ), dened by
Js(τ, t1)(σ) := σ ⊗
(1− s)v(q¯(τ, t1)) + sσ
‖(1− s)v(q¯(τ, t1)) + sσ‖
for σ ∈ SX≥τ . These isometries yield a homotopy of ∗-homomorphisms
Ad Js(t1) :
⊕
τ∈SX=f
K(ℓ2(SX≥τ ))→
⊕
τ∈SX=f
K(ℓ2(SX≥τ × SX≥τf ′ )).
Letting t1, t2 vary again, we get a homotopy of G-equivariant ∗-homomor-
phisms P ⊗ C0(E)→ P ⊗P by sending ϕ1 ⊗ ϕ2 to the funtion
(t1, t2) 7→ Ad J
s(t1)ϕ1(t1) · ϕ2 ◦ h
−1(t2 − rλq(t1)).
Thus σX,P(ϑ) is homotopi to the G-equivariant ∗-homomorphism α : P ⊗
C0(E)→ P ⊗P dened by
α(ϕ1 ⊗ ϕ2)(t1, t2) := Ad J
1ϕ1(t1) · ϕ2 ◦ h
−1(t2 − rλq(t1)),
where J1 : ℓ2(SX) → ℓ2(SX × SX) is the diagonal embedding that sends
the basis vetor σ ∈ SX to σ ⊗ σ.
Fix t1 one again and let f ⊆ n be as above. Then Ad J
1ϕ(t1) is an
allowed value for funtions in P ⊗ P if t2 belongs to the interior of R≥f .
Sine this holds for the points in rλ((1− s)q(t1) + st1) +B(δ) for s ∈ [0, 1],
the map α is homotopi to
α′(ϕ1 ⊗ ϕ2)(t1, t2) := Ad J
1ϕ1(t1) · ϕ2 ◦ h
−1(t2 − rλt1).
Observe that ϕ 7→ ϕ ◦ rλ−s for s ≥ 0 denes an endomorphism of P. Hene
the homotopy α′s(ϕ)(t1, t2) := α
′(ϕ)(rλ−s t1, t2) onnets α
′
with
α′′(ϕ)(t1, t2) := Ad J
1ϕ
(
rλ−1t1, h
−1(t2 − t1)
)
.
Sine [σX,P(ϑ)] = [α
′′], ondition 18.3 is equivalent to [ΦP ◦α
′′] = (−1)n[α′′].
We have
ΦP ◦ α
′′(ϕ)(t1, t2) = AdJ
1ϕ
(
rλ−1t2, h
−1(t1 − t2)
)
beause the range of J1 is invariant under ΦK(ℓ2(SX)). We dene yet another
homotopy of homomorphisms P ⊗ C0(E)→ P ⊗P by
α′′s(ϕ)(t1, t2) := Ad J
1ϕ
(
rλ−1(st1 + (1− s)t2), h
−1(t1 − t2)
)
.
It onnets ΦP ◦α
′′
and α′′ ◦(idP⊗f), where f : C0(E)→ C0(E) is indued
by the map t 7→ −t on E; here we assume that h is an even funtion, as we
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may. Of ourse, [f ] = (−1)n in KK0(C0(E), C0(E)). This nishes the proof
of 18.3. 
Theorem 30. Let X be a simpliial omplex equipped with a simpliial ation
of G. Then EulX = Eul
cmb
X in KK
G
0 (C0(X),C).
Proof. Lemma 20 asserts that
EulX = Θ¯ ⊗ˆC0(X)⊗ˆP [m] ⊗ˆP D ∈ KK
G
0 (C0(X),C);
here Θ¯ ∈ KKG−n(C0(X), C0(X) ⊗ˆ P) is obtained from the lass Θ dened
in Lemma 28 by forgetting the X-struture; m : C0(X) ⊗ˆ P → P is the
multipliation homomorphism, whih is desribed in (39); and D is dened
in (40). Sine the Bott periodiity lasses βE and βˆE , whih appear in Θ
and D, are inverse to eah other, our assertion is equivalent to
idC0(E) ⊗ˆ Eul
cmb
X = βE ⊗ˆ EulX ⊗ˆ βˆE = [ϑ] ⊗ˆC0(X)⊗ˆP [m] ⊗ˆP [i],
where ϑ : C0(X) ⊗ˆC0(E)→ C0(X) ⊗ˆP is the ontinuous family of ∗-homo-
morphisms dened in Lemma 28 and [i] ∈ KKG0 (P, C0(E)) is the lass of the
inlusion map i : P → C0(E) ⊗ˆK(ℓ
2(SX)). The above Kasparov produt is
the lass of the omposite homomorphism
i ◦m ◦ ϑ : C0(X × E)→ C0(E,K(ℓ
2(SX))).
Plugging in the denition of ϑ and (39), we get
i ◦m ◦ ϑ(ϕ)σσ′ (t) = ϕ(q¯(t, σ), h
−1(t− rλq(t))) · P (q¯(t, σ))σσ′ .
for all σ, σ′ ∈ SX, t ∈ E, ϕ ∈ C0(X × E). We want to simplify this ex-
pression. Assume that it is non-zero. Let t′ := q(t) ∈ Σ and x′ := q¯(t, σ).
Sine the regions CRf over Σ, we have t
′ ∈ CRf for some f ∈ S(n).
Lemma 27 yields rλt
′ + B(δ) ⊆ R≤f ; hene we must have t ∈ R≤f in
order for ϕ(q¯(t, σ), h−1(t − rλq(t))) to be non-zero. Sine t ∈ R≤f , we
get q(t) ∈ |f | ∩ CRf by (36) and CΣ(q(t)) = ξf by (45). Therefore,
P (q¯(t, σ)) = P ′ ◦ C (q¯(t, σ)) is the projetion onto a basis vetor of ℓ2(SX).
Hene P (q¯(t, σ))σσ′ = 0 unless σ = σ
′
and ν(σ) = f .
Summing up, i ◦m ◦ ϑ(ϕ)(t) ∈ K(ℓ2(SX)) is diagonal with respet to the
basis SX; the diagonal entry for the basis vetor σ is supported in
Dν(σ) := q
−1
(
CRν(σ) ∩ |ν(σ)|
)
and given there by the formula
Λσ(ϕ)(t) := ϕ(q¯(t, σ), h
−1(t− rλq(t))) = ϕ(|ν|
−1
σ q(t), h
−1(t− rλq(t))).
The last term is dened for t ∈ Dν(σ) beause q(t) ∈ |ν(σ)| (see the denition
of q¯ in (38)). Let Λ := (Λσ) : C0(X × E)→ C0(SX × E).
In the denition of EulcmbX we use the map ξ
∗ : C0(X)→ C0(SX) indued
by (24). Moving |ν|−1σ q(t) ∈ |σ| linearly towards ξσ, we get a homotopy
between Λ and the ∗-homomorphism Λ′ ◦ (ξ∗ ⊗ idC0(E)), where we dene
Λ′ : C0(SX × E)→ C0(SX × E) by
(54) Λ′ϕ(σ, t) :=
{
ϕ(σ, h−1(t− rλq(t))) for t ∈ Dν(σ),
0 otherwise.
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We may desribe Λ′ by a family of maps Λ′σ : C0(E)→ C0(E) for σ ∈ SX.
Equation (54) shows that Λ′σ only depends on ν(σ), so that we also denote it
by Λ′ν(σ). Partitioning SX into the subsets SX=f dened in (53), we obtain
[i ◦m ◦ ϑ] =
∑
f∈S(n)
[ξ∗ ⊗ˆ Λ′f ] ⊗ˆC0(SX) [C0(SX)→ K(ℓ
2(SX=f ))]
in KKG0 (C0(X) ⊗ˆ C0(E), C0(E)). The ombinatorial Euler harateristi is
dened by
EulcmbX :=
∑
f∈S(n)
(−1)dim f [ξ∗] ⊗ˆC0(SX) [C0(SX)→ K(ℓ
2(SX=f ))].
Therefore, [i ◦ m ◦ ϑ] = idC0(E) ⊗ˆ Eul
cmb
X follows if [Λ
′
f ] = (−1)
dim f
in
KK0(C0(E), C0(E)). It remains to verify this assertion.
Sine all our onstrutions are invariant under oordinate permutations,
we may assume f = {0, . . . , k} with k = dim f . If t ∈ Df , then ti > 0 for
i ∈ f and ti < 0 for i ∈ n \ f . Hene q is given by
q(t)i =
{(
1−
∑
j∈n\f tj
)−1
ti for i ∈ f ,
0 for i ∈ n \ f .
The point rλξf belongs to Df and satises qrλ(ξf ) = ξf . Hene it is a
xed-point of the map rλ ◦ q. We reparametrise our maps and onsider
ψf (t) := rλξf + t − rλq(rλξf + t), where t ∈ Df − rλξf . Thus ψf (0) = 0.
Sine points in the range of ψf satisfy
∑
ψf (t)i = 0, we may drop one
oordinate; we hoose the 0th oordinate, whih belongs to f .
It is easy to see that ψf (t)i = ti for i ∈ n \ f . Moreover, if we x the
oordinates tj with j ∈ n\f , then ψf (t)i = −a
(∑
j∈n\f tj
)
·ti+b
(∑
j∈n\f tj
)
with ertain rational funtions a, b of one variable. Expliitly,
a(s) =
(k + 1)(λ− 1) + (n+ 1)s
(n − k)λ+ k + 1− (n+ 1)s
.
The important point here is that a(0) > 0.
Sine h−1 ◦ ψf (t) = ∞ unless |ψf (t)i| < δ for all i ∈ n, we may restrit
attention to t with |tj | < δ for j ∈ n \ f , so that |s| < (n − k)δ. We
may hoose δ as small and λ as great as we like. Therefore, the dierene
between a and the onstant funtion a(0) is negligible. Hene the maps
a(rs) · ti + b(rs) for r ∈ [0, 1] give rise to an isotopy between ψf and the
invertible linear map
ψ′f (t)i =
{
ti for i ∈ n \ f ,
−a(0) · ti for i ∈ f , i 6= 0.
Reall that we have dropped one oordinate, so that we do not have to
worry about the ondition
∑
ti = 0 any more. This also means that there
only remain dim f relevant oordinates in f , whih are multiplied by a neg-
ative number. Hene [ψ′f ] = (−1)
dim f
in KK0(C0(R
n), C0(R
n)). Sine h is
orientation-preserving, we have [h−1] = 1. Therefore, [Λ′f ] = [h
−1 ◦ ψf ] =
[h−1 ◦ ψ′f ] = (−1)
dim f
. 
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7. Gysin sequene in the simpliial ase
Theorem 31. Let G be a loally ompat group and let ∂X = X¯ \X be a
boundary ation as in Denition 4. Suppose that X is a nite-dimensional,
loally nite simpliial omplex with a simpliial ation of G. Suppose also
that G satises the Baum-Connes onjeture with oeients C and C(∂X).
Then there is an exat sequene
0 // K1(C
∗
rG)
u∗ // K1(C(∂X) ⋊r G)
δ // K0(C0(X) ⋊r G)
EulcmbX

0 K1(C0(X) ⋊r G)oo K0(C(∂X) ⋊r G)
δoo K0(C
∗
rG)
u∗oo
where EulcmbX denotes the Kasparov produt with the ombinatorial equivari-
ant Euler harateristi EulcmbX ∈ KK
G
0 (C0(X),C). More expliitly,
EulcmbX (x) =
∑
(H)
χ(X,H) dimH(x),
where the summation runs over the onjugay lasses in G of stabilisers of
simplies in X, and dimH ∈ KK
G
0 (C0(X),C) and χ(X,H) ∈ Z are dened
as on page 19.
Proof. We plug the formula EulX = Eul
cmb
X of Theorem 30 into the abstrat
Gysin sequene of Proposition 9. By denition, EulcmbX fators through the
homomorphism ξ∗ : C0(X) → C0(SX) indued by the baryentre embed-
ding (24). Writing SX as a disjoint union of G-orbits, we get
Ktop∗ (G,C0(SX))
∼= K∗(C0(SX)⋊r G)
∼=
⊕
σ∈G\SX
K∗(C0(G/Gσ)⋊r G) ∼=
⊕
σ∈G\SX
K∗(C
∗
r (Gσ)).
Here Gσ denotes the stabiliser of the simplex σ, whih is a ompat-open
subgroup of G. The map EulcmbX : K1(C0(X) ⋊r G) → K1(C
∗
rG) vanishes
beause it fators through K1(C0(SX) ⋊r G) = 0. This yields the asserted
long exat sequene. Equation (25) yields the formula for EulcmbX (x). 
We now desribe the map dimH : K0(C0(X) ⋊r G) → K0(C
∗
rG) for a
ompat-open subgroup H ⊆ G, whih ours in Theorem 31. It fators
through the map K0(C0(X) ⋊r G)→ K0(C0(G/H) ⋊r G) ∼= Rep(H) that is
indued by an orbit restrition map X → G/H. The omposite map
Rep(H) ∼= K0(C
∗
rH)
∼= KKG0 (C0(G/H),C) → K
top
0 (G)→ K0(C
∗
rG)
is equal to the indution map iGH : Rep(H) → K0(C
∗
rG), whih is indued
by the embedding C∗rH ⊆ C
∗
rG. Thus dimH(x) is the omposite of an orbit
restrition map and the indution map. Sine there are relations between the
orbit restrition and indution maps for dierent H, it is hard to desribe
the range and kernel of EulcmbX in general.
The following orollary is equivalent to Theorem 1 and Corollary 2. Let
1C∗r G be the unit projetion in C
∗
rG.
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Corollary 32. In the situation of Theorem 31, suppose in addition that G
is disrete and torsion-free. If G\X is ompat and χ(G\X) 6= 0, then there
are exat sequenes
0 // 〈χ(G\X)[1C∗r G]〉
⊆ // K0(C
∗
rG)
u∗ // K0(C(∂X)⋊r G) // K1(G\X) // 0,
0 // K1(C
∗
rG)
u∗ // K1(C(∂X)⋊r G) // K0(G\X)
dim // Z // 0,
and the lass of the unit element in K0(C(∂X) ⋊r G) has torsion of order
|χ(G\X)|. Otherwise, there are exat sequenes
0 // K0(C
∗
rG)
u∗ // K0(C(∂X)⋊r G) // K1(G\X) // 0,
0 // K1(C
∗
rG)
u∗ // K1(C(∂X)⋊r G) // K0(G\X) // 0,
and the lass of the unit element in K0(C(∂X)⋊r G) has no torsion.
Proof. Sine the ation onX is free and proper, C0(X)⋊rG is strongly Morita
equivalent to C0(G\X). Hene K∗(C0(X) ⋊r G) ∼= K
∗(G\X). Furthermore,
we have an isomorphism KKG0 (C0(X),C)
∼= KK0(C0(G\X),C). It maps
EulcmbX to Eul
cmb
G\X = χ(G\X) · dim. The Kasparov produt with the lass
dim ∈ KKG0 (C0(X),C) fators through KK
G
0 (C0(G),C)
∼= Z; one heks
easily that it orresponds to the map
K0(G\X)→ Z→ K0(C
∗
rG), x 7→ dim(x) · [1C∗r G];
the reason for this is that dim ∈ KKG0 (C0(G),C) → K
top
0 (G) is a pre-image
for [1C∗r G] under the Baum-Connes assembly map. Hene the kernel and
range of the map K0(G\X) → K0(C
∗
rG) are the kernel of χ(G\X) dim and
〈χ(G\X)[1C∗r G]〉, respetively. Now the exat sequenes follow from Theo-
rem 31. The assertions about the torsion of the unit element follow beause
u∗[1C∗r G] = [1C(∂X)⋊rG]. 
Example 33. Let Fn be the non-Abelian free group on n generators for n ≥ 2.
Let X be the Cayley graph of Fn, whih is a regular tree, and let X be its
ends ompatiation. Let ∂X := X \ X be the set of ends of X, whih
is a Cantor set. This ompatiation is the Gromov ompatiation of
the hyperboli group Fn and the visibility ompatiation of the CAT(0)
spae X. Of ourse, the group Fn is torsion-free, so that we are in the sit-
uation of Corollary 32. The group Fn satises the Baum-Connes onjeture
with arbitrary oeients by [18℄.
The orbit spae Fn\X is a wedge of n irles, hene ompat. Therefore,
K∗(C
∗
rG)
∼= K
top
∗ (G) ∼= K∗(Fn\X) and EulX ∈ K
top
0 (G) is the Euler hara-
teristi of G. The K-homology and K-theory of Fn\X are isomorphi to Z
in degree 0 and Zn in degree 1, and χ(Fn\X) = 1− n. Corollary 32 yields
K0(C(∂X)⋊r Fn) ∼= Z/〈n− 1〉 ⊕ Z
n, K1(C(∂X)⋊r Fn) ∼= Z
n.
Therefore, the lass of the unit element in K0(C(∂X) ⋊r Fn) is a torsion
element of order n− 1. This example is also studied in [48℄.
If n = 1, we get F1 = Z, X = R, and ∂X = {±∞} with Z ating
trivially. In this ase, the Euler harateristi vanishes; this already follows
from Example 6.
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Example 34. Let Σg be a losed surfae of genus g ≥ 2 and let Γg := π1(Σg)
be its fundamental group. The universal over of Σg is homeomorphi to H
2
,
so that Γg ⊆ Isom(H
2). This implies that Γg satises the Baum-Connes
onjeture with oeients ([23℄). The usual ompatiation of H
2
by a
irle at innity ∂H2 ∼= S1 is both the visibility ompatiation and the
Gromov ompatiation of H
2
and therefore produes a boundary ation.
As in the previous example, Γg is torsion-free and Γg\H
2 ∼= Σg is ompat,
so that EulH2 ∈ K
top
0 (G) is the Euler harateristi of G. The K-theory and
K-homology of Σg are isomorphi to Z
2
in degree 0 and Z2g in degree 1, and
χ(Σg) = 2− 2g. Therefore, Corollary 32 yields
K0(C(∂H
2)⋊r Γg) ∼= Z/〈2g − 2〉 ⊕ Z
2g+1, K1(C(∂H
2)⋊r Γg) ∼= Z
2g+1.
Expliit generators, as well as a dynamial proof of these assertions, an be
found in [15℄. This example is also studied in [1, 11, 12, 38℄.
Example 35. Consider G := PSL(2,Z), ating properly on the tree X dis-
ussed in Example 23. Let X¯ be the ends ompatiation of X and let
∂X := X¯ \ X; this is the same as the Gromov or the visibility boundary
of the tree X. The group G satises the Baum-Connes onjeture with
arbitrary oeients beause it is a losed subgroup of Isom(H2).
Sine G\X is ompat, we have KKG0 (C0(X),C)
∼= K
top
0 (G), and the Euler
harateristi EulX ∈ KK
G
0 (C0(X),C)
∼= K
top
0 (G) is the Euler harateristi
of G. We have already omputed EulcmbX = EulX in Example 23. Hene
EulEG = dimZ/2+dimZ/3− dim{1} ∈ K
top
0 (G).
Funtions vanishing on the verties form a G-invariant ideal in C0(X)
that is isomorphi to C0(R × G) with the free ation of G; the quotient
C∗-algebra is isomorphi to C0(G/Z/2) ⊕ C0(G/Z/3). The orresponding
long exat sequenes for K∗( ⋊r G) and KK
G
∗ ( ,C) are
0 // K0(C0(X)⋊r G) // Rep(Z/2)⊕ Rep(Z/3)
(dim,dim)

0
OO
K1(C0(X)⋊r G)oo Z,oo
Rep(Z/2)⊕ Rep(Z/3) // KKG0 (C0(X),C)
// 0

Z
OO
KKG1 (C0(X),C)
oo 0.oo
The vertial map in the seond exat sequene sends 1 ∈ Z to (̺,−̺), where ̺
denotes the regular representation. Thus Ktop1 (G)
∼= 0, K1(C0(X)⋊rG) ∼= 0,
Ktop0 (G)
∼= Z4, K0(C0(X) ⋊r G) ∼= Z
4
. One an hek that multipliation
by EulEG is a bijetive map K0(C0(X) ⋊r G) → K
top
0 (G). Hene we get
K∗(C(∂X) ⋊r G) ∼= 0.
If we onsider the boundary ation on ∂H2, then we replae C0(X) by
C0(H
2) in the Gysin sequene. Equivariant Bott periodiity applies here
and yields K∗(C0(H
2)⋊rG) ∼= K
top
∗ (G). Hene this group is onentrated in
degree 0. One an hek that the map K0(C0(H
2)⋊rG)→ K0(C0(X)⋊rG)
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that is indued by the embedding X → H2 has kernel and okernel isomor-
phi to Z. Sine the map K0(C0(X)⋊rG)→ K
top
0 (G) in the Gysin sequene
for ∂X is invertible, the map K0(C0(H
2)⋊r G)→ K
top
0 (G) in the Gysin se-
quene for ∂H2 has kernel and okernel Z as well. Thus K∗(C(∂H
2)⋊rG) ∼= Z
for ∗ = 0, 1.
Example 36. Let G be a redutive p-adi group and let Γ ⊆ G be a torsion-
free disrete subgroup. Let X be the ane Bruhat-Tits building of G and let
∂X∞ be its visibility boundary. Reall that this is a boundary ation of G.
The Fürstenberg boundary is G/P , where P ⊆ G is a minimal paraboli
subgroup. Sine there exist points in ∂X∞ that are xed by P , we get an
embedding G/P ⊆ ∂X∞, whih indues a map ϕ : C(∂X∞)→ C(G/P ).
We assume that Γ ⊆ G is oompat or, equivalently, that Γ\X is om-
pat, and that χ(Γ\X) 6= 0. We want to show that the lass of the unit ele-
ment in K0(C(G/P )⋊r Γ) is a torsion element whose order divides χ(Γ\X).
For ertain buildings, this result has been obtained previously by Guyan
Robertson in [43℄. We remark that we get no information about the torsion
of the unit element if Γ fails to be oompat or if χ(Γ\X) = 0.
Observe rst that dim ∈ Ktop0 (Γ) is a anonial hoie of a pre-image
for the lass of the unit element in C∗r Γ. As in Corollary 32, we nd that
the image of dim in Ktop0 (Γ, C(∂X∞)) is a torsion element of order exatly
equal to |χ(Γ\X)|. Mapping further via ϕ : C(∂X∞) → C(G/P ), we nd
that the image dim′ of dim in Ktop0 (Γ, C(G/P )) is a torsion element whose
order divides χ(Γ\X). It is easy to see that the Baum-Connes assembly
map sends dim′ to the lass [1] of the unit element in C(G/P ) ⋊r Γ. Hene
χ(Γ\X)[1] = 0 as asserted.
Similarly, let G be an almost onneted Lie group whose onneted om-
ponent is redutive and linear, and let Γ ⊆ G be a torsion-free, oompat
disrete subgroup. Let X := G/K, where K is the maximal ompat sub-
group of G, and let ∂X∞ be its visibility boundary. Again, this is a boundary
ation of G, and there exists an embedding G/P ⊆ ∂X∞ of the Fürstenberg
boundary beause there exist points in ∂X∞ that are xed by P . Corollary
32 applies beause X has a G-invariant triangulation. Arguing as above,
we see that the lass of the unit element in K0(C(G/P ) ⋊r Γ) is a torsion
element whose order divides χ(Γ\X) if the latter is non-zero.
8. Equivariant Euler harateristis for smooth manifolds
If a loally ompat groupG ats properly by dieomorphisms on a smooth
manifold M , then there exists a omplete G-invariant Riemannian metri
on M . Hene the ation of G fators through Isom(M), whih is a Lie
group unless M has innitely many onneted omponents. Throughout
this setion, we onsider the situation where M is a omplete Riemannian
manifold and G is a loally ompat group that ats isometrially on M . It
does not matter whether or not this ation is proper beause Isom(M) ats
properly on M in any ase.
We rst reall the onstrution of a Kasparov dual forM in [24, Setion 4℄.
Then we identify EulM with theK-homology lass of the de Rham dierential
operator. If G is disrete and ats properly, then we an also ompute the
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Euler harateristi ombinatorially, using a G-invariant triangulation of M .
Sine the Euler harateristi is independent of the hoie of Kasparov dual,
the ombinatorial and the de-Rham-Euler harateristis agree; this result
is due to Jonathan Rosenberg and Wolfgang Lük ([31℄).
Let Cliff be the bundle whose bre at x ∈M is the Cliord algebra for the
vetor spae T ∗xM equipped with the inner produt dened by the Riemann-
ian metri. This is a bundle of Z/2-graded nite-dimensional C∗-algebras,
on whih G ats in a anonial way. Let P := C0(M,Cliff) be the Z/2-
graded C∗-algebra of C0-setions of this bundle, equipped with its anonial
ation of G. (It is denoted Cτ (M) in [24, 4.1℄.) We have C0(M) ⊆ P as
salar valued funtions. This embedding is entral, so that P beomes a
Z/2-graded M ⋊G-C∗-algebra.
Now we desribe D ∈ KKG0 (P,C) (see [24, 4.2℄). Let Λ
∗M =
⊕
n Λ
nM
be the bundle of dierential forms onM , graded by parity. Let C∞c (Λ
∗M) be
the spae of smooth, ompatly supported setions of Λ∗M , and let L2(Λ∗M)
be the Hilbert spae ompletion of C∞c (Λ
∗M) with respet to the standard
inner produt given by the Riemannian metri. We let P at on L2(Λ∗M)
by Cliord multipliation. Let d : C∞c (Λ
∗M)→ C∞c (Λ
∗M) be the de Rham
dierential. The operator d + d∗ is an essentially self-adjoint, G-invariant
unbounded operator on L2(Λ∗M). Together with the representation of P
it denes a lass D ∈ KKG0 (P,C). Here we use the unbounded piture of
Kasparov theory by Saad Baaj and Pierre Julg ([2℄).
Next we dene Θ ∈ RKKG0 (M ;C,P) as in [24, 4.34.4℄. The basi ingre-
dients are the geodesi distane funtion ̺ : M ×M →M and a G-invariant
funtion r : M ×M → R>0 suh that any x, y ∈ M with ̺(x, y) < r(x) are
joined by a unique geodesi. Let
U := {(x, y) ∈M ×M | ̺(x, y) < r(x)}
and pull bak T ∗M to a bundle π∗2T
∗M on U via the oordinate projetion
π2 : (x, y) 7→ y. Let JU ⊆ C0(M) ⊗ˆ P be the ideal of setions that vanish
outside U . We view JU as a G-equivariant Z/2-graded Hilbert module over
C0(M) ⊗ˆP.
Dene a ovetor eld F on U by
F (x, y) :=
̺(x, y)
r(x)
· d2̺(x, y) ∈ C0(U, π
∗
2T
∗M).
where d2 is the exterior derivative in the seond variable y. The ovetor
eld F denes a G-invariant self-adjoint, odd multiplier of JU ; it satises
(f ⊗ˆ 1) · (1 − F 2) ∈ JU for all f ∈ C0(M). Thus Θ = (JU , F ) is a yle
for RKKG0 (M ;C,P). It is asserted in [24, 4.5, 4.6, 4.8℄ that (P,D,Θ) is a
Kasparov dual for M in the sense of Denition 18.
Denition 37. Let EuldRM ∈ KK
G
0 (C0(M),C) be the lass determined by
the representation of C0(M) on L
2(Λ∗M) and the operator d+ d∗ desribed
above. We all EuldRM the G-equivariant de-Rham-Euler harateristi of M .
Equivalently, we get EuldRM from D ∈ KK
G
0 (P,C) by restriting the rep-
resentation of P to C0(M) ⊆ P.
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Theorem 38. Let M be a omplete Riemannian manifold and let G be a
loally ompat group ating isometrially on M . Then the abstrat G-equi-
variant Euler harateristi EulM is equal to Eul
dR
M .
Proof. Lemma 20 asserts that
EulM = Θ¯ ⊗ˆC0(M)⊗ˆP [m] ⊗ˆP D ∈ KK
G
0 (C0(M),C),
where Θ¯ ∈ KKG0 (C0(M), C0(M) ⊗ˆP) is obtained from Θ by forgetting the
M -struture and where m : C0(M) ⊗ˆP → P is the M -struture homomor-
phism of P. We rst ompute
Θ¯ ⊗ˆC0(M)⊗ˆP [m] = m∗(Θ¯) ∈ KK
G
0 (C0(M),P).
Its underlying Hilbert module is JU ⊗ˆC0(M)⊗ˆP P; this is isomorphi to P
beause JU is an ideal in C0(M) ⊗ˆP that ontains all funtions supported
in some neighbourhood of the diagonal, and the multipliation homomor-
phism m restrits to the diagonal. The ation of C0(M) is by multipliation
on JU ; this orresponds to the embedding m
′ : C0(M)→ P by salar valued
funtions. Sine this homomorphism maps into P and not just intoM(P),
the Fredholm operator is irrelevant. Thus m∗(Θ¯) = m′.
Taking the Kasparov produt with D ∈ KKG0 (P,C), we get
EulM = Θ¯ ⊗ˆC0(M)⊗ˆP [m] ⊗ˆP D = [m
′] ⊗ˆP D = (m
′)∗(D).
This is equal to EuldRM ∈ KK
G
0 (C0(M),C) by denition. 
Theorem 39 (Lük and Rosenberg [31℄). Let M be a smooth manifold and
let G be a disrete group ating on M properly by dieomorphisms. Then
the de-Rham-Euler harateristi and the ombinatorial Euler harateristi
agree:
EuldRM = EulM = Eul
cmb
M ∈ KK
G
0 (C0(M),C).
Proof. We have seen in Setion 4 that the (abstrat) equivariant Euler har-
ateristi is independent of the Kasparov dual. Hene the assertion follows
by ombining Theorems 30 and 38. Reall that a smooth manifold equipped
with a proper ation of a disrete group G always admits a Riemannian met-
ri for whih the group ats isometrially and a triangulation for whih the
group ats simpliially ([19℄). 
Remark 40. The analogues of Theorems 38 and 39 in real K-homology also
hold, by exatly the same arguments.
As before, letM be an n-dimensional Riemannian manifold equipped with
an isometri ation of G. Assume, in addition, that M is G-equivariantly
K-oriented. This means that the tangent bundle of M has a G-equivariant
spinor bundle Spinor (see [14℄). This bundle gives rise to a G-equivariant
Morita equivalene between P = C0(M,Cliff) and the trivial Cliord alge-
bra bundle C0(M) ⊗ˆ Cliff(R
n) (see [39℄). Therefore, C0(M) and P are
KKM⋊G-equivalent with a dimension shift of n. We may transport the
struture of a Kasparov dual from P to C0(M). It is easy to see that
D ∈ KKG0 (P,C) orresponds to the Dira operator /DM ∈ KK
G
n (C0(M),C),
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whih ats on setions of Spinor. The map σM,C0(M) is simply the forgetful
map as in (6). Hene the inverse of the Poinaré duality map is given by
PD−1 : RKKG∗ (M ;C,C)→ KK
G
∗+n(C0(M),C), f 7→ (−1)
nf¯ ⊗ˆC0(M)/DM .
We also get a lass [Spinor] ∈ RKKG−n(M ;C,C) by taking C0-setions of
Spinor with F = 0. Using Spinor ⊗ˆ Spinor ∼= Λ∗M , one shows easily that
(55)
PD−1[Spinor] = (−1)n[Spinor] ⊗ˆC0(M) /DM = (−1)
nEuldRM = (−1)
nEulM .
Together with Theorem 39, this allows us to ompute the lassial, ommu-
tative Gysin sequene in K-theory. We have seen in the introdution how to
get a long exat Gysin sequene of the form
· · · // K∗−n(M)
ǫ∗ // K∗(M)
π∗ // K∗(SM)
δ // K∗−n+1(M) // · · · ,
where ǫ∗(x) = x ⊗ˆ Spinor and π : SM →M is the bundle projetion. This is
proved in [22, IV.1.13℄ in a more general ontext, where the tangent bundle
is replaed by any K-oriented vetor bundle on M . If we speialise to the
tangent bundle, then (55) yields:
Theorem 41. Let M be a K-oriented, onneted n-dimensional manifold.
Let SM be its sphere bundle and let π : SM → M be the bundle projetion.
If M is ompat and χ(M) 6= 0, then there are exat sequenes
0 // 〈χ(M)pnt!〉
⊆ // Kn(M)
π∗ // Kn(SM) // K1(M) // 0,
0 // Kn+1(M)
π∗ // Kn+1(SM) // K0(M)
dim // Z // 0,
where pnt! ∈ KK−n(C(∗), C(M)) ∼= K
n(M) is the wrong way element asso-
iated to the inlusion of a point in M .
If M is not ompat or if χ(M) = 0, then there are exat sequenes
0 // Kn(M)
π∗ // Kn(SM) // K1(M) // 0,
0 // Kn+1(M)
π∗ // Kn+1(SM) // K0(M) // 0.
Proof. By Theorem 39 we have EuldRM = Eul
cmb
M . Sine there is no group
ation, we have EulcmbM = χ(M) · dim ∈ KK0(C(M),C) if M is ompat,
and EulcmbM = 0 otherwise. Hene (55) yields [Spinor] = 0 if M is not
ompat or if χ(M) = 0 and nishes the proof in that ase. Otherwise,
[Spinor] = (−1)nχ(M)·PD(dim). It is easy to see that PD(dim) = pnt!; reall
that pnt! is the lass of the map C0(R
n)→ C0(M) given by a dieomorphism
from R
n
onto some (small) open ball in M . Sine any bundle restrits to
a trivial bundle on this open ball, we get x ⊗ˆ pnt! = 0 for x ∈ K1(M) and
x ⊗ˆ pnt! = dim(x) · pnt! for x ∈ K0(M). Hene the kernel and range of the
map K0(M)→ Kn(M) in the Gysin sequene are equal to the kernel of dim
and 〈χ(M)pnt!〉, respetively. This yields the desired exat sequenes. 
Now we return to the situation of boundary ations and formulate the
non-ommutative Gysin sequene.
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Theorem 42. Let ∂X = X¯ \ X be a boundary ation of a loally om-
pat group G as in Denition 4. Suppose that X is a omplete Riemannian
manifold on whih G ats isometrially. Suppose also that G satises the
Baum-Connes onjeture with oeients in C and C(∂X). Then there is
an exat sequene
K0(C0(X)⋊r G)
EuldRX // K0(C
∗
rG)
u∗ // K0(C(∂X) ⋊r G)
δ

K1(C(∂X) ⋊r G)
δ
OO
K1(C
∗
rG)
u∗oo K1(C0(X)⋊r G),
EuldRXoo
where EuldRX denotes the Kasparov produt with the equivariant de-Rham-
Euler harateristi EuldRX ∈ KK
G
0 (C0(X),C).
Proof. The assumption about the Baum-Connes onjeture allows us to re-
plae K∗(C
∗
rG) andK∗(C(∂X)⋊rG) byK
top
∗ (G) and K
top
∗ (G,C(∂X)). Hene
the result follows from Theorem 38 and Proposition 9. 
Proposition 43. Let M be an oriented Riemannian manifold of odd dimen-
sion and suppose that G ats on M by orientation-preserving isometries.
Then EuldRM = 0 in KK
G
0 (C0(M),C).
Proof. Let Vol be the anonial volume form. Let n := dimM and write
n = 2k + 1 with k ∈ N. We shall use the Hodge ⋆ operation ([41, 2425℄).
It is a C0(M)-linear map ⋆ : L
2(ΛpM) → L2(Λn−pM) for all p ∈ n; it is
dened by β∧⋆α = (α, β)·Vol for all α, β ∈ L2(ΛpM), where (α, β) ∈ C0(M)
denotes the pointwise inner produt indued by the Riemannian metri. The
operator ⋆ is unitary on L2(Λ∗M) and satises
⋆ ⋆ α = (−1)pn+pα, d∗(α) = (−1)pn+n+1 ⋆ d ⋆ α
for all α ∈ L2(ΛpM) (see [41, 2425℄). Consider the operator
ǫ : L2(Λ∗M)→ L2(Λ∗M), α 7→ ik+p(p−1) ⋆ α for α ∈ L2(ΛpM).
Straightforward omputations show that ǫ2 = 1 and ǫdǫ = −d∗; this implies
that ǫ anti-ommutes with d+ d∗.
Sine ǫ is still unitary and odd, it generates a grading-preserving represen-
tation of the Cliord algebra Cliff(R) on L2(Λ∗M). It ommutes with the
representations of G and C0(M) beause G ats by orientation-preserving
maps and ⋆ is C0(M)-linear. Thus (L
2(Λ∗M), d+d∗) beomes a yle D1 for
KKG0 (C0(M) ⊗ˆ Cliff(R),C). We have Eul
dR
X = [uCliff(R)] ⊗ˆCliff(R) D1, where
uCliff(R) : C → Cliff(R) is the unit map. The Kasparov yle [uCliff(R)] is
evidently degenerate. Hene EuldRX = 0. 
In the real ase, the same argument still goes through if dimM ≡ 1
(mod 4) beause then ik+p(p−1) = ±1 for all p.
The assumption that the ation of G be orientation-preserving is neessary
in Proposition 43. For a ounterexample, take M = S1 and G = Z/2 ating
on S1 by reetion in the x-axis (equivalently, by omplex onjugation). A
straightforward omputation shows EulcmbS1 6= 0 in KK
Z/2
0 (C(S
1),C).
EULER CHARACTERISTICS AND BOUNDARY ACTIONS 41
Example 44. Let G be a onneted semi-simple Lie group and let K ⊆ G be
its maximal ompat subgroup. Then the homogeneous spae X := G/K
is a CAT(0) spae, and we an take its visibility ompatiation X¯∞ and
its visibility boundary ∂X∞ as in Setion 1.1. Both X and X¯∞ are strongly
ontratible. If G is of rank 1, then X¯∞ is the Fürstenberg boundary of G;
in general, one an nd a stratiation of X¯∞ whose subquotients are sus-
pensions of G/P for paraboli subgroups P ⊆ G; all paraboli subgroups
of G our as a stabiliser for some point in the visibility boundary.
It is known that almost onneted groups satisfy the Baum-Connes on-
jeture with trivial oeients ([9℄), whih is also alled Connes-Kasparov
onjeture in this speial ase. Therefore, G satises the Baum-Connes on-
jeture with oeients C and C(G/P ) for all paraboli subgroups P . Using
exision and the stratiation, this implies that G satises the Baum-Connes
onjeture with oeients C(∂X∞). Therefore, Theorem 42 applies to our
situation.
The rossed produt C0(X) ⋊r G is Morita-Rieel equivalent to C
∗(K),
so that K0(C0(X) ⋊r G) ∼= Rep(K) and K1(C0(X) ⋊r G) = 0. Sine X is a
G-ompat universal proper G-spae, we have
Ktop∗ (G)
∼= KKG∗ (C0(X),C)
∼= KKK∗ (C0(X),C),
and EuldRX is the Euler harateristi EulEG of G (see Denition 15).
Sine we assume G to be onneted, K ats onX by orientation-preserving
maps. Hene Proposition 43 yields EuldRX = 0 if dimX is odd. In this ase,
our Gysin sequene splits into two short exat sequenes.
We suppose from now on that dimX is even. Reall that, as a K-spae, X
is dieomorphi to a ertain linear representation πX ofK. Assume that this
representation lifts to Spinc; thus we an form a spinor representation SX ,
whih we view as an element of Rep(K). We have natural isomorphisms
KKG∗ (C0(X),C)
∼= RKKG∗ (X;C,C)
∼= KKK∗ (C,C)
∼=
{
Rep(K) ∗ even;
0 ∗ odd.
The rst of these maps is the Poinaré duality isomorphism for the Kasparov
dual C0(X) and maps Eul
dR
X to [Spinor] by (55); the seond isomorphism is
indued by restrition to the point K ∈ X and hene maps [Spinor] to SX .
Thus the map denoted EuldRX in the Gysin sequene is equivalent to the map
Rep(K)→ Rep(K), π 7→ π ⊗ˆ [SX ].
It is well-known that the ring Rep(K) has no zero-divisors. Hene either
[SX ] = 0 or this map is injetive. In the rst ase, our Gysin sequene splits
again into two short exat sequenes; in the seond ase, it follows that
K0(C(∂X∞)⋊r G) ∼= Rep(K)/(SX ), K1(C(∂X∞)⋊r G) ∼= 0,
where (SX) denotes the ideal generated by the virtual representation SX .
Let χG be the harater of the representation SX . Then |χG|
2
is the
harater of the representation SX ⊗ˆ S
∗
X
∼= Λ∗X. If g ∈ G, let λ1, . . . , λn
be the eigenvalues of g ating on X, ounted with multipliity; then we an
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desribe the eigenvalues of g on Λ∗X as well and get
|χG(g)|
2 =
n∏
j=1
(1− λj) = det(1− πX(g)).
Hene χG(g) = 0 if and only if 1 is an eigenvalue of πX(g) : X → X.
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